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Abstract
In this paper, we consider estimation of the matrix exponential spatial specification model with the Durbin
and endogenous regressors. We find that the nonlinear two-stage least squares (N2SLS) estimator is in general
consistent and asymptotically normal. However, when the Durbin and endogenous regressors are irrelevant, the
gradient vector of the N2SLS criterion function has a singular covariance matrix with probability approaching
one (w.p.a.1.). Some components of the N2SLS estimator have slower rates of convergence and their asymptotic
distributions are nonstandard. The distance difference and gradient test statistics are derived to test for the
irrelevance of the Durbin and endogenous regressors. As an alternative estimation and model selection approach,
we propose the adaptive group LASSO, which penalizes the coefficients of the Durbin and endogenous explanatory
variables. We show that the estimator has the oracle properties, so the true model can be selected w.p.a.1. and
√
the estimator always has the n-rate of convergence and asymptotic normal distribution. We propose to select
the tuning parameter in the adaptive group LASSO estimation by minimizing an information criterion.
Keywords: matrix exponential spatial specification, singular covariance matrix, nonlinear two-stage least squares,
LASSO, oracle properties
JEL classification: C12, C13, C21, R15
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Introduction

The spatial autoregressive (SAR) model is a popular model in spatial econometrics.1 As an alternative model with
spatial dependence, LeSage and Pace (2007) propose the matrix exponential spatial specification (MESS). The
∗ Corresponding
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1 See, e.g., Anselin (1988), Kelejian and Prucha (1998), and Lee (2004).
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MESS model may provide estimates and inference similar to those from the SAR model. Han and Lee (2013) find
that the SAR and MESS models may not be easily tested against each other unless the spatial interaction is rather
strong. But the quasi-maximum likelihood (QML) estimator of the MESS model is much easier to compute than
that of the SAR model, in particular for models with high order spatial weights, since it does not involve computing
the determinant of the Jacobian transformation matrix. In addition, there are no constraints on the parameter
that captures spatial dependence because the reduced form of the MESS model always exists. Debarsy et al. (2015)
find that the QML estimator of the MESS model is robust to unknown heteroskedasticity, which is a nice property
not shared by the SAR model. These features may lead to wider applications of the MESS model when spatial
interactions are stable.
LeSage and Pace (2007) present the maximum likelihood (ML) and Bayesian estimators of the MESS model.
Debarsy et al. (2015) consider large sample properties of the QML and generalized method of moments (GMM)
estimators. However, those researchers have not included endogenous regressors in the model. In addition, Durbin
regressors Wn Xn , i.e., spatial lags of exogenous variables, where Xn is a matrix of exogenous variables and Wn is an
n × n spatial weights matrix, may be included in the model to capture local spillovers (externalities) in exogenous
variables, while both the SAR and MESS processes may capture global spatial interactions (Anselin, 2003). In
the social interaction literature, the Durbin regressors are referred to as contextual effects and the global spatial
dependence is called endogenous effects, reflecting the contemporaneous and reciprocal influences of peers (Manski,
1993; Brock and Durlauf, 2001).
In this paper, we consider estimation of the MESS model with both endogenous and Durbin’s regressors. Our
model allows for unknown heteroskedasticity and unknown spatial correlation in the disturbances, so we estimate
it with the nonlinear two-stage least squares (N2SLS). The N2SLS estimation can be seen as a GMM estimation
exploring only linear moments. So it is of special interest as other estimation methods such as the QML and GMM
with quadratic moments would not be appropriate due to unknown pattern of spatial correlation in disturbances.
In the spatial econometric literature, while inclusion of the Durbin regressors in an SAR model may have enriched
economic content in terms of capturing exogenous externality effects and relaxed restrictions imposed on direct and
indirect spatial effects by the SAR model (Elhorst, 2010), their presence as extra exogenous regressors does not
induce conceptual econometric issues in a 2SLS estimation procedure if columns of Wn Xn are linearly independent
with columns of Xn .2 They can simply be treated as exogenous regressors in the estimation of an SAR model from
a methodological point of view. Nonetheless, the presence of Durbin’s regressors in the MESS model creates an
issue for the N2SLS estimation.
We show that the parameters of the model are, in general, identifiable and the N2SLS estimator can be

√

n-

consistent and asymptotically normal. However, when the coefficients of the Durbin and endogenous regressors are
zero (but unknown), even though parameters of the model are still identifiable and the N2SLS estimator is consistent,
elements of the gradient vector of the N2SLS criterion function at the true parameter values are linearly dependent
2 If

Wn is row-normalized and Xn contains an intercept term, a column of ones should be deleted from [Xn , Wn Xn ] to avoid

multicollinearity.
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with probability approaching one (w.p.a.1.). This implies that the covariance matrix of the gradient vector at the
true parameters is singular w.p.a.1. In fact, such an irregular phenomenon appears in a reduced MESS model with
Durbin regressors but without endogenous explanatory variables, where the Durbin regressors are really irrelevant.
This corresponds to the singular information matrix phenomenon in the likelihood framework.3 Some authors have
studied the asymptotic distributions of ML estimators (MLE) for parametric models with singular information
matrices. Cox and Hinkley (1974) provide two examples where the score statistic is zero, and show that the
asymptotic distribution of the estimators can be found by a reparameterization. Lee (1993) derives the asymptotic
distribution of the MLE for parameters in a stochastic frontier function model with a singular information matrix.
Rotnitzky et al. (2000) investigate a more general setting where an identifiable parametric model has a singular
information matrix of rank being one less than the number of parameters. The methods in both Lee (1993) and
Rotnitzky et al. (2000) involve reparameterizations and high order Taylor expansions of the first order conditions
for the MLE. Dovonon and Renault (2013) derive the convergence rate of the GMM estimator and the nonstandard
asymptotic distribution of the J-test statistic for overidentification.
Following Rotnitzky et al. (2000), by a reparameterization, we derive the asymptotic distribution of the N2SLS
estimator for our MESS model where the elements of the gradient vector of the N2SLS criterion function are
linearly dependent w.p.a.1. The asymptotic distribution is non-standard, and only the parameter estimators for
√
the exogenous and endogenous variables have the n-rate of convergence, while the spatial dependence parameter
estimator and those for the Durbin regressors have the n1/4 -rate of convergence.4 The model we consider is one with
spatially correlated data and the elements of the gradient vector of the criterion function for the N2SLS estimation
can be linearly dependent w.p.a.1. For such a situation, reparameterization and high order Taylor expansions of
the first order conditions can still be employed to derive asymptotic distributions of the N2SLS estimators, as for
the case with i.i.d. data in Rotnitzky et al. (2000).
Since the Durbin and endogenous regressors may lead to nonstandard asymptotic distribution of the N2SLS
estimator for the MESS model, it is of interest to test whether they are relevant or not. The classical tests in
the GMM framework, such as the Wald test, the gradient test and the distance difference test, are derived when
elements of a gradient vector are not linearly dependent. We show that, even when elements of the gradient vector
are linearly dependent, we can still derive the distance difference and the gradient test statistics, but they have
nonstandard asymptotic distributions. The asymptotic distribution of the distance difference test statistic is a
mixture of two chi-squared distributions, with the number of degrees of freedom equal to p and p − 1 respectively
and with mixing probabilities equal to 1/2, where p is the number of restrictions. The gradient test statistic,
constructed using the Moore-Penrose pseudoinverse due to the singular covariance matrix of the gradient vector,
3 For

various cases of singular information matrices or zero score statistics in the likelihood framework, see, among others, Silvey

(1959), Cox and Hinkley (1974), Kiefer (1982), Waldman (1982), Schmidt and Lin (1984), Lee and Chesher (1986), and Sargan (1983).
4 The asymptotic distribution derived in this paper is non-standard due to the necessary high order expansion ended at an even order,
which is the feature in Rotnitzky et al. (2000). However, in Lee (1993) for the stochastic frontier model (as well as a sample selection
model), it has a high order expansion at an odd order from which asymptotic truncated-normal (normal) distribution can be derived.
The extra complication for a high order expansion ended at an even order is the need to determine the sign of an estimator.
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is asymptotically distributed as a chi-squared distribution with p − 1 degrees of freedom. We also investigate the
local power properties of our tests. For the Pitman drift (McManus, 1991) with the rate n1/2 , there is a direction
of the parameter drift for which the tests have trivial power.
As an alternative estimation and model selection method, we propose to estimate the model based on the
LASSO, which can perform model selection and parameter estimation simultaneously. We note that, in the case
that the parameter vector ζ of the Durbin and endogenous regressors has the true value ζ0 = 0, if the information
√
of ζ0 = 0 is used, then the irregular phenomenon disappears and the N2SLS estimator has the usual n-rate of
convergence and asymptotic normal distribution. Since the cause of the irregular phenomenon is ζ0 = 0, we can
use the adaptive group LASSO (AGLASSO) that appends a penalty function of ζ to the N2SLS criterion function
(Yuan and Lin, 2006; Wang and Leng, 2008). We show that the AGLASSO has the oracle properties, i.e., it can
select the correct model w.p.a.1 and the resulted estimator satisfies the properties as if we knew the true model
(Fan and Li, 2001; Zou, 2006). As a result, there is always no irregular phenomenon in the AGLASSO estimation,
√
and the AGLASSO estimator has the n-rate of convergence and asymptotic normal distribution.
The AGLASSO involves a tuning parameter. The oracle properties are satisfied when the tuning parameter has
certain order in asymptotic analysis. But in finite samples, it is not clear what tuning parameter should be used in
order that the AGLASSO can perform well. We select the tuning parameter by minimizing an information criterion
for our AGLASSO. We show that the proposed data-driven procedure can identify the true model consistently. Due
to the irregular phenomenon of the MESS model, the proposed information criterion differs from traditional ones.5
The rest of this paper is organized as follows. In Section 2, we introduce the MESS model with Durbin’s
regressors and endogenous explanatory variables, and show consistency and asymptotic distributions of the N2SLS
estimators in the regular and irregular cases. In Section 3, we derive the distance difference and gradient tests and
investigate their local power properties. In Section 4, we consider the AGLASSO estimation of the MESS model.
In Section 5, we present some Monte Carlo results. We conclude in Section 6. All lemmas and proofs are collected
in an online supplementary file.

2

N2SLS estimator

In this section, we consider the N2SLS estimation of the MESS model with the Durbin and endogenous explanatory
variables. The model is as follows:
eαWn Yn = Xn∗ β1 + Wn ln β2 + Wn Xn1 β3 + Zn β4 + Vn ,

Vn = Tn n ,

(1)

where n is the sample size, Yn is an n × 1 vector of observations on the dependent variable, ln is a vector of
ones, Xn1 is an n × (kx − 1) matrix of exogenous variables that does not contain an intercept term, Zn is an
n × kz matrix of endogenous variables, n is an n × 1 vector of innovations with mean zero and covariance matrix
5 For

properties of various information criteria, see, among others, Wang et al. (2007), Wang and Leng (2007), Wang et al. (2009),

Zhang et al. (2010), and Liao (2010).
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being an identity matrix, Tn is an n × n nonstochastic matrix whose elements are unknown to allow for unknown
heteroskedasticity and spatial correlation in the disturbance vector Vn as in Kelejian and Prucha (2007), and Wn
is an n × n spatial weights matrix with all diagonal elements being zero. The spatial weights matrix Wn can be
row-normalized or not row-normalized. When Wn is not row-normalized, Xn∗ = Xn with Xn = [Xn1 , ln ]; when
Wn is row-normalized, as Wn ln = ln , Xn∗ = Xn1 and the intercept term is written as Wn ln for the convenience of
later analyses. The Durbin regressors Wn Xn1 and Wn ln when Wn is not row-normalized can be seen as neighbors’
characteristics to capture exogenous externality. The β1 , β2 , β3 and β4 are conformable parameter vectors. The
P∞ i
matrix exponential eαWn with a scalar parameter α, which captures spatial dependence, is defined as i=0 αi! Wni .
Since the inverse of eαWn always exists and equals e−αWn (Chiu et al., 1996), the reduced form of the model always
exists and no constraints need to be imposed on the parameter space of α. If the model is regarded as a game with
complete information, the Nash equilibrium exists and is unique. For an SAR model, eαWn Yn in (1) is replaced
P∞
by (In − λWn ) for some scalar λ. Since (In − λWn )−1 = i=0 λi Wni if kλWn k < 1 for some matrix norm k · k,
the SAR model shows a geometrical decay of spatial dependence, while the MESS model shows an exponential
decay. Furthermore, |eαWn | = eα tr(Wn ) = 1 as the diagonal elements of Wn are all zero, where | · | denotes the
determinant of a square matrix. Thus, the likelihood function of the MESS model does not involve any determinant
of the Jacobian transformation matrix and it has a computational advantage over the SAR model (LeSage and
Pace, 2007).
Let Dn = [Xn∗ , Wn ln , Wn Xn1 , Zn ], β = (β10 , β2 , β30 , β40 )0 , θ = (α, β 0 )0 , and Fn be a full rank n × kf instrumental
variable (IV) matrix with kf not smaller than the total number of coefficients. As the variance of Fn0 Vn conditional
on Fn is Πn = Fn0 Tn Tn0 Fn , the criterion function Qn (θ) of the infeasible N2SLS estimation, as if Tn were known, is
0 αWn
Qn (θ) = (eαWn Yn − Dn β)0 Fn Π−1
Yn − Dn β).
n Fn (e

(2)

To focus on the N2SLS estimation, we first consider the large sample properties of the infeasible N2SLS estimator
θ̌n that minimizes Qn (θ). A feasible version by the use of a nonparametric heteroskedasticity and autocorrelation
consistent (HAC) estimator in Kelejian and Prucha (2007) will be investigated in the last part of this section, which
shows that asymptotic results remain valid for the feasible version.
We first discuss some regularity conditions needed for the N2SLS estimation. Let “BRC” stand for “bounded in
both row and column sum norms”. A typical assumption on the spatial weights matrix Wn in spatial econometrics
is that it is BRC. This assumption, originated in Kelejian and Prucha (1998, 1999), restricts the degree of spatial
dependence. Similarly, the unknown Tn can be assumed to be BRC to restrict the degree of spatial dependence
in the disturbances as in Kelejian and Prucha (2007) for the setting of disturbances with general unknown heteroskedasticity and spatial correlation. For the exogenous variables matrix Xn1 , to allow for stochastic regressors
with unknown spatial correlation, we may assume that Xn1 = Bn1 ξn1 , where Bn1 is an n × n unknown BRC
nonstochastic matrix and rows of ξn1 are i.i.d. As in Kelejian and Prucha (2004), (1) can represent an equation in a
system of spatially correlated equations, then Zn = An1 Xn γ + An2 un , where Xn denotes all the exogenous variables
in the system, γ is a parameter matrix, An1 and An2 are n × n BRC nonstochastic matrices, and rows of un are
5

i.i.d. The matrix An1 depends on the spatial weights matrix Wn . Under regularity conditions, An1 =

P∞

i=1

ρi Wni

for scalars ρi ’s. Then the IV matrix Fn in the N2SLS estimation can be formed by the independent columns of
[Xn , Wn Xn , . . . , Wns Xn ] for some s. As Xn may also be the product of a BRC nonstochastic matrix and a stochastic
matrix with i.i.d. rows, it is plausible to assume that Zn = Bn2 ξn2 + Bn3 ξn3 and Fn = Bn4 ξn4 , where Bn2 , Bn3
and Bn4 are n × n unknown BRC nonstochastic matrices, and rows of stochastic matrices ξn2 , ξn3 and ξn4 are i.i.d.
One or more elements of Zn can also be generated by a nonlinear model.6 With underlying exogenous variables
similar to Xn1 satisfying Xn1 = Bn1 ξn1 , Zn and Fn can also have the forms discussed above.7 Let ni be the ith
element of n , and ξjn,i ’s be the ith rows of ξjn for j = 1, . . . , 4. We need the existence of the fourth moment of
k(ξn1,i , ξn2,i , ξn3,i )k∞ for the applicability of a law of large numbers, and the existence of a moment of k(ξn4,i , ni )k∞
higher than the four order for the applicability of a central limit theorem and for proving that the HAC estimator
for the covariance matrix

1
n Πn

is consistent. To formulate the N2SLS estimation, limn→∞

1
n

E(Πn ) is assumed to

be nonsingular. Although the reduced form of the model always exists for any value of α, we assume that α is
bounded as in Debarsy et al. (2015). As a consequence, eαWn is BRC uniformly in α.8 The basic assumptions are
summarized below.
Assumption 1. The nonstochastic matrices {Wn } are BRC, and their diagonal elements are all zero.
Assumption 2. The unknown nonstochastic matrices {Tn } are nonsingular, {Tn } and {Tn−1 } are BRC, and
limn→∞

1
n

E(Πn ) exists and is nonsingular.

Assumption 3. Xn = Bn1 ξn1 , Zn = Bn2 ξn2 + Bn3 ξn3 , Fn = Bn4 ξn4 , where Bn1 , Bn2 , Bn3 and Bn4 are n × n
unknown BRC nonstochastic matrices, (ξn1,i , ξn2,i , ξn3,i , ξn4,i , ni )’s are i.i.d., ξn1,i ’s and ξn4,i ’s are independent
of ni ’s, E(n ) = 0, E(n 0n ) = In , E k(ξn1,i , ξn2,i , ξn3,i )k4∞ < ∞, E k(ξn4,i , ni )kτ∞ < ∞ for some τ > 4, and
limn→∞

1
n

E(Πn ) exists and is nonsingular.

Assumption 4. There exists a constant η > 0 such that |α| ≤ η and the true parameter α0 is in the interior of
the parameter space [−η, η].
Let θ0 be the true parameter vector of θ. The identification of θ0 requires a unique solution of limn→∞

1
n

E[Fn0 (eαWn Yn −

Dn β)] = 0 at θ0 . Under regularity conditions,
 
1
1
1
E[Fn0 (eαWn Yn − Dn β)] = [E(Fn0 e(α−α0 )Wn Dn )β0 , E(Fn0 Dn )]
.
n
n
−β
When α = α0 , the preceding expression reduces to

1
n

E(Fn0 Dn )(β0 − β). An identification condition can be as in

the following assumption.
Assumption 5. limn→∞ n1 [E(Fn0 e(α−α0 )Wn Dn )β0 , E(Fn0 Dn )] has full column rank for any α 6= α0 .
6 In

this case, we may have a many IV problem as in Liu and Lee (2013), which is beyond the scope of this paper.
discussions on the IV selection can be found in Kelejian and Prucha (2007).
8 Such an assumption simplifies the argument on uniform convergence of the minimized sample average objective function over its
7 More

parameter space.
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Note that the condition of Assumption 5 implies, in particular, that limn→∞

1
n

E(Fn0 Dn ) has full column rank.

The condition would not hold when β0 = 0; otherwise, it holds in general. Under the above regularity assumptions,
the consistency of θ̌n follows.
Proposition 2.1. Under Assumptions 1–5, θ̌n = θ0 + op (1).

2.1

Asymptotic distribution: The regular case

We now consider the asymptotic distribution of the N2SLS estimator.
Fn0 (eαWn Yn − Dn β). Its Jacobian matrix is Gn (θ) =

∂gn (θ)
∂θ 0

Let the moment vector be gn (θ) =

= Fn0 (Wn eαWn Yn , −Dn ). Then,

E[Gn (θ0 )] = [E(Fn0 Wn Dn )β0 , − E(Fn0 Dn )]
= [E(Fn0 Wn Xn∗ )β10 + E(Fn0 Wn2 ln )β20 + E(Fn0 Wn2 Xn1 )β30 + E(Fn0 Wn Zn )β40 ,

(3)

− E(Fn0 Xn∗ ), − E(Fn0 Wn ln ), − E(Fn0 Wn Xn1 ), − E(Fn0 Zn )].
Let δ = (β10 , β2 )0 and ζ = (β30 , β40 )0 when Wn is row-normalized; δ = β1 and ζ = (β2 , β30 , β40 )0 when Wn is not rownormalized. If Wn is row-normalized and ζ0 6= 0, the first column of E[Gn (θ0 )] is generally not linearly dependent
on E(Fn0 Dn ), since E(Fn0 Wn2 Xn1 )β30 or E(Fn0 Wn Zn )β40 appears in the first column. If Wn is not row-normalized
and ζ0 6= 0, E(Fn0 Wn2 ln )β20 might also appear in the first column of E[Gn (θ0 )]. Thus E[Gn (θ0 )] generally has full
rank. As a result, the asymptotic distribution of the N2SLS estimator can be derived as usual by applying the
mean value theorem to the first order condition of the criterion function.
Proposition 2.2. Under Assumptions 1–5, when ζ0 6= 0, the N2SLS estimator θ̌n has the asymptotic distribution
√

d

n(θ̌n − θ0 ) −
→ N 0, lim

n→∞

1 0 −1 −1 
Ḡ Π̄ Ḡn
,
n n n

where Π̄n = E(Πn ) and Ḡn = E[Gn (θ0 )], provided that plimn→∞ n1 Ḡn has full rank. The best IV matrix Fn is the
matrix formed by the independent columns of (Tn Tn0 )−1 [Xn∗ , Wn Xn , Wn2 Xn , E(Zn , Wn Zn |Xn )], where Xn denotes the
matrix of all exogenous variables.
Proposition 2.2 excludes the case that ζ0 = 0. This case turns out to be irregular, which needs special attention.

2.2

Asymptotic distribution: The irregular case

By (3), the Jacobian matrix of the moment vector at the true parameter vector is rank deficient w.p.a.1. when
ζ0 = 0, i.e., when the Durbin regressors and endogenous explanatory variables are irrelevant, even δ0 6= 0. In this
subsection, we consider the N2SLS estimation of model (1) in this situation.
Although ζ0 = 0, the identification condition in Assumption 5 still holds when δ0 6= 0. Thus the N2SLS estimator
will be consistent. But in this case, the expected Jacobian matrix of the moment vector at the true parameter vector
does not have full rank, so the usual way to derive the asymptotic distribution by the mean value theorem will not
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work. Instead, we analyze high order Taylor expansions of the first order condition of the N2SLS criterion function
0
(2). Let Hn = Fn Π−1
n Fn . The first order derivatives of Qn (θ) are:
0
∂Qn (θ)
= 2Yn0 eαWn Wn0 Hn (eαWn Yn − Dn β),
∂α
∂Qn (θ)
= −2Dn0 Hn (eαWn Yn − Dn β).
∂β

(4)
(5)

Note that at θ0 = (α0 , δ00 , 0)0 , eα0 Wn Yn = Xn δ0 + Vn , and
1 ∂Qn (θ0 )
2
2
1 
√
= √ (Xn δ0 + Vn )0 Wn0 Hn Vn = √ (Wn Xn δ0 )0 Hn Vn + Op √ = Op (1),
n ∂α
n
n
n
1 ∂Qn (θ0 )
2
√
= − √ Dn0 Hn Vn = Op (1).
n ∂β
n
Let kx∗ be the number of columns in Xn∗ , and δ = (δ10 , δ2 )0 with δ2 being a scalar. Then,
1 ∂Qn (θ0 )
1 ∂Qn (θ0 )
0
√
(01×kx∗ , δ20 , δ10
+√
, 01×kz )0 = op (1),
n ∂α
n ∂β 0
i.e.,

∂Qn (θ0 )
√1
∂α
n

and

∂Qn (θ0 )
√1
∂β
n

From (23)–(25) in Appendix A,

are linearly dependent w.p.a.1. As a result,
2
1 ∂ Qn (θ0 )
n ∂θ∂θ 0

=

1 ∂Qn (θ0 ) ∂Qn (θ0 )
n
∂θ
∂θ 0

2
0
n (−Wn Xn δ0 , Dn ) Hn (−Wn Xn δ0 , Dn )

with large n as Dn contains Wn Xn in its columns. We note that

1
n

is singular w.p.a.1.

+ op (1), which is also singular

n (θ) ∂Qn (θ)
E( ∂Q∂θ
∂θ 0 )

generally has full rank when

θ 6= θ0 . Rothenberg (1971) shows that, in the likelihood theory of parametric models, if the information matrix
has constant rank in an open neighborhood of the true parameter vector, then local identification of parameters is
equivalent to nonsingularity of the information matrix at the true parameter vector. In the current case, the rank of
1
n

n (θ) ∂Qn (θ)
E( ∂Q∂θ
∂θ 0 ) evaluated at θ = θ0 differs from that at θ 6= θ0 . So even though

1
n

n (θ0 ) ∂Qn (θ0 )
E( ∂Q∂θ
) is singular
∂θ 0

w.p.a.1., the parameters may still be identifiable as previously argued.
Although the elements of the gradient vector are linearly dependent w.p.a.1., none of the elements is zero. In Rotnitzky et al. (2000), the asymptotic distribution of the MLE is first derived for a parametric model for which an element of the score is zero, where estimators corresponding to zero and nonzero scores have different convergence rates.
If none of the elements of the score is zero but these elements are linearly dependent, the model is first reparameterized to be one for which one element of the score is zero. Following Rotnitzky et al. (2000), for our N2SLS estimation

α
of the MESS model, consider the reparameterization ω = β+K 0 (α−α
≡ (φ, ψ 0 )0 , where φ is a scalar, and K =
0)



n (θ0 ) ∂Qn (θ0 )
n (θ0 ) ∂Qn (θ0 ) −1
plimn→∞ n1 ∂Q∂α
plimn→∞ n1 ∂Q∂β
. At θ0 , we have ω = θ0 . Denote ω0 = θ0 . Then Qn (θ) =
∂β 0
∂β 0
Qn (φ, ψ−K 0 (φ−α0 )) ≡ Q∗n (ω), and

∂Q∗
n (ω0 )
∂φ

=

∂Qn (θ0 )
1 ∂Qn (θ0 ) ∂Qn (θ0 ) −1 ∂Qn (θ0 )
n (θ0 ) ∂Qn (θ0 )
−[plimn→∞ n1 ∂Q∂α
∂α
∂β 0 ][plimn→∞ n
∂β
∂β 0 ]
∂β

is approximately the residual vector for the population regression of
pendence of these two random vectors w.p.a.1., as a residual,

∂Qn (θ0 )
∂α

∂Q∗
n (ω0 )
∂φ

on

∂Qn (θ0 )
.
∂β

Because of the linear de-

must have a smaller order than

∂Qn (θ0 )
.
∂α

0
In our current case, K = (01×kx∗ , −δ20 , −δ10
, 01×kz ). So the reparameterization has ω = (φ, ψ10 , ψ2 , ψ30 , ψ40 )0 =

(α, β10 , β2 − δ20 (α − α0 ), β30 − δ10 (α − α0 ), β40 )0 and
Q∗n (ω) = Vn0 (ω)Hn Vn (ω),

(6)

where Vn (ω) = eφWn Yn − Xn∗ ψ1 − Wn ln [ψ2 + δ20 (φ − φ0 )] − Wn Xn1 [ψ3 + δ10 (φ − φ0 )] − Zn ψ4 . The N2SLS estimator
ω̌n minimizes Q∗n (ω). Because of the one-to-one correspondence between θ and ω, the consistency of the N2SLS
estimator θ̌n implies the consistency of ω̌n to ω0 .
8

To derive the asymptotic distribution of ω̌n , we need to investigate high order Taylor expansions of the first
order condition

∂Q∗
n (ω̌n )
∂ω

= 0. Here, we sketch the derivation of the asymptotic distribution, with details in the

proof of Proposition 2.3. It turns out that we need a third order Taylor expansion of the first order conditions
√
at the true parameter vector. In terms of φ̌n , ψ̌n , and their true values, we find n(φ̌n − φ0 )2 = Op (1) and
√
n(ψ̌n − ψ0 ) = Op (1), and, by further eliminating ψ̌n by substitution, the expansion yields:
√
0 = 2n−1/4 Vn0 Wn0 MD Vn − n−3/4 (Wn2 Xn δ0 )0 PD Wn Vn n(φ̌n − φ0 )2


√
+ n1/4 (φ̌n − φ0 ) Rn + Sn n(φ̌n − φ0 )2 + op (n−1/4 )


√
= n1/4 (φ̌n − φ0 ) Rn + Sn n(φ̌n − φ0 )2 + Op (n−1/4 ),
where PD = Hn Dn (Dn0 Hn Dn )−1 Dn0 Hn , MD = Hn −PD , Rn =
1/2

1/2

1/2

1/2

1/2

and Sn =

1
2
0
2
n (Wn Xn δ0 ) MD Wn Xn δ0
1/2

O(1). Note that MD = Hn MH 1/2 D Hn , where Hn
MH 1/2 D = In − Hn Dn (Dn0 Hn Dn )−1 Dn0 Hn

√2 (W 2 Xn δ0 )0 MD Vn ,
n
n

(7)

1/2

is a symmetric matrix such that Hn = Hn Hn , and
1/2

is the orthogonal projector onto the null space of Dn0 Hn . Then by

the partitioned matrix formula, we have Rn = Op (1) and Sn > 0 w.a.p.1. under the following assumption:
Assumption 6. limn→∞ n1 [E(Fn0 Wn2 Xn )δ0 , E(Fn0 Dn )] has full column rank.
√
√
Furthermore, when Rn > 0, as Sn n(φ̌n − φ0 )2 ≥ 0, we must have n(φ̌n − φ0 )2 = op (1); when Rn <
√
√
0, Rn + Sn n(φ̌n − φ0 )2 = op (1) and thus n(φ̌n − φ0 )2 = J1n + op (1), where J1n = −Sn−1 Rn . Note that
0
− Hn Dn (Dn0 Hn Dn )−1 Dn0 ]Fn Π−1
n Fn Vn is asymptotically normal by applying the central
√
limit theorem in Qu and Lee (2012) to √1n Fn0 Vn .9 The asymptotic distribution of n(φ̌n − φ0 )2 is thus a mixture

Rn =

√1 (W 2 Xn δ0 )0 [In
n
n

of a truncated normal and the point 0.
√
∂Q∗
∂Q∗
∂ 2 Q∗
n (ω̌n )
n (ω0 )
n (ω0 )
For ψ̌n , when Rn > 0, the expansion of
= 0 at ω0 implies that 0 = √1n ∂ψ
+ n1 ∂ψ∂ψ
n(ψ̌n −
0
∂ψ
√
ψ0 ) + op (1). Thus, n(ψ̌n − ψ0 ) = Ln + op (1), where Ln = ( n1 Dn0 Hn Dn )−1 √1n Dn0 Hn Vn is the leading order term
of −( n1

∗
∂ 2 Q∗
1 ∂Qn (ω0 )
n (ω0 ) −1 √
.
∂ψ∂ψ 0 )
∂ψ
n

d

−1
0
). When
Note that Ln −
→ L, where L is N (0, limn→∞ [ n1 E(Dn0 Fn )Π̄−1
n E(Fn Dn )]

Rn < 0, we are essentially solving the following:

4 ∗
 √1 ∂ 2 Q∗n (ω0 ) 
1 ∂ Qn (ω0 )
2
∂φ
n
6n
∂φ4
0=
+
∗
3 ∗
∂Qn (ω0 )
√1
∂ψ
n

Thus,

√
n(φ̌n −φ0 )2 
√
n(ψ̌n −ψ0 )



J1n
J2n



=

J1n
J2n


2
=
0





3 ∗
√
1 ∂ Qn (ω0 )
n(φ̌n
n ∂φ2 ∂ψ 0 
2 ∗
1 ∂ Qn (ω0 )
n ∂ψ∂ψ 0

1 ∂ Qn (ω0 )
2n ∂φ2 ∂ψ

√

− φ0 )2
n(ψ̌n − ψ0 )


+ op (1).

(8)

+ op (1), where
0



h
i−1 1
 1 (−Wn2 Xn δ0 , Dn )0 Hn (−Wn2 Xn δ0 , Dn )
√ (−Wn2 Xn δ0 , Dn )0 Hn Vn
n
n
Ikd


−1 

(9)



∂ 2 Q∗
n (ω0 )
√1
∂φ2
n
∗

 , and J1n has
with kd = kx +kx +kz +1 is the leading order term of −
3 ∗
2 ∗
∂Q∗
1 ∂ Qn (ω0 )
1 ∂ Qn (ω0 )
n (ω0 )
√1
2
0
2n ∂φ ∂ψ
n ∂ψ∂ψ
∂ψ
n
the explicit form J1n = −Sn−1 Rn , as in the last paragraph. By (9), J2n = Ln + ( n2 Dn0 Hn Dn )−1 n1 Dn0 Hn Wn2 Xn δ0 J1n .
4 ∗
1 ∂ Qn (ω0 )
6n
∂φ4


9 Note

that Fn is allowed to be stochastic in Assumption 3, so

0V
√1 Fn
n
n

form in Qu and Lee (2012).

9

=

3 ∗
1 ∂ Qn (ω0 )
n ∂φ2 ∂ψ 0 

√1 ξ 0 B 0 Tn n
n n4 n4

is a special case of a general linear-quadratic

=

0 0
Note that Jn = (J1n , J2n
) can be further written as Jn = Jn + op (1), where


i−1 1
2 0 h1
0
2
0

√ E[(−Wn2 Xn δ0 , Dn )0 Fn ]Π̄−1
E[(−Wn2 Xn δ0 , Dn )0 Fn ]Π̄−1
Jn = 
n E[Fn (−Wn Xn δ0 , Dn )]
n Fn Vn .
n
n
0 Ikd
d

Thus Jn has the asymptotic distribution Jn −
→ J, where J = (J1 , J20 )0 is N (0, limn→∞ ∆n ) with J1 being the first
element of J and

∆n = 

2
0


i−1 2
0
2


E[(−Wn2 Xn δ0 , Dn )0 Fn ]Π̄−1
n E[Fn (−Wn Xn δ0 , Dn )]
n
Ikd
0
0



h1

0




Ikd

0
−1 1
0
−1
0
2
being the variance of Jn . Thus, L = J2 − limn→∞ [ n2 E(Dn0 Fn )Π̄−1
n E(Fn Dn )]
n E(Dn Fn )Π̄n E(Fn Wn Xn )δ0 J1 ,
0
−1
) as above.
which is N (0, limn→∞ [ n1 E(Dn0 Fn )Π̄−1
n E(Fn Dn )]
√
From the above, only the asymptotic distribution of n(φ̌n −φ0 )2 has been derived, but the sign of n1/4 (φ̌n −φ0 )

has not. As we are interested in (φ̌n − φ0 ), a further analysis for the sign of n1/4 (φ̌n − φ0 ) is needed. For a fourth
order Taylor expansion of Q∗n (ω̌n ), the sign of n1/4 (φ̌n − φ0 ) does not affect the leading order term of the fourth
order polynomial. As φ̌n is the N2SLS estimator, the sign of n1/4 (φ̌n − φ0 ) should be chosen to minimize the
remainder term of the fourth order Taylor expansion. Essentially, we derive the leading order term of the remainder
by investigating a higher order—fifth order—Taylor expansion of Q∗n (ω̌n ). When Rn < 0, n1/4 (φ̌n − φ0 ) being
positive is equivalent to some random variable being negative asymptotically. To describe this random variable, we
define two random vectors that are uncorrelated with Jn :
i) U1n =
ii) U2n =

√1 F 0 Vn
n n

− Υ1n Jn , where Υ1n =

√1 F 0 Wn Vn
n n

√1
n

− Υ2n Jn , where Υ2n =

1
1
0
2
0
E(Fn0 Vn J0n )∆−1
n = [− 2n E(Fn Wn Xn δ0 ), n E(Fn Dn )] and
√1
n

−1
0
0
E(Fn0 Wn Vn J0n )∆−1
n = E(Fn Wn Tn Tn Fn )Π̄n Υ1n .

0
0 0
The Un = (U1n
, U2n
) is uncorrelated with Jn since it is the residual random vector for a population regression of
√1 (V 0 Fn , V 0 W 0 Fn )0
n n
n
n

on Jn . According to the fifth order Taylor expansion of Q∗n (ω̌n ), we find that P(I(n1/4 (φ̌n −

φ0 ) < 0) = I(Kn∗ > 0)|Rn < 0) → 1 as n → ∞, where I(·) is the set indicator and
1 −1
Kn∗ = 2(U2n + Υ2n Jn )0 Π̄n
(U1n + Υ1n Jn )
n
 
 
 1
0
2
0 −1
[E(Fn0 Wn3 Xn δ0 )]0 Π̄−1
[E(Fn0 Wn2 Xn δ0 )]0 Π̄−1
n U1n + [E(Fn Wn Xn δ0 )] Π̄n U2n
n Υ2n
+
+ J0n 3
Jn + op (1).
−2 E(Dn0 Fn )Π̄−1
−2 E(Dn0 Fn )Π̄−1
n Υ2n
n U2n
(10)
d

→ (U 0 , J 0 )0 , where U = N (0, limn→∞ E(Un Un0 )) is independent of J, ω̌n has the following asymptotic
Since (Un0 , Jn0 )0 −
distribution:
Proposition 2.3. Under Assumptions 1–6, when ζ0 = 0,
 1/4



 
n (φ̌n − φ0 ) d (−1)B J11/2
0
√
−
→
I(J1 > 0) +
I(J1 < 0),
J2
L
n(ψ̌n − ψ0 )
where B is a Bernoulli random variable with success probability equal to P(K ∗ > 0|J1 > 0) with K ∗ = 2 limn→∞ (U2 +
0
2
0 −1
 1 [E(Fn0 Wn3 Xn δ0 )]0 Π̄−1

 
[E(F 0 Wn2 Xn δ0 )]0 Π̄−1
n U1 +[E(Fn Wn Xn δ0 )] Π̄n U2
n Υ2n
Υ2n J)0 ( n1 Π̄n )−1 (U1 + Υ1n J) + limn→∞ J 0 3
+ −2nE(D
J .
0 F )Π̄−1 Υ
−2 E(D 0 F )Π̄−1 U
n

10

n

n

2

n

n

n

2n

Since α = φ, β1 = ψ1 , β2 = ψ2 + δ20 (φ − φ0 ), β3 = ψ3 + δ10 (φ − φ0 ), and β4 = ψ4 , the asymptotic distribution
0
0
0 0
of (α̌n , β̌1n
, β̌2n , β̌3n
, β̌4n
) follows by the continuous mapping theorem. Note that

n1/4 (β̌2n − β20 ) = δ20 n1/4 (φ̌n − φ0 ) + n1/4 (ψ̌2n − ψ20 ) = δ20 n1/4 (φ̌n − φ0 ) + op (1).
Similarly, n1/4 (β̌3n − β30 ) = δ10 n1/4 (φ̌n − φ0 ) + op (1). Hence, α̌n , β̌1n and β̌2n have rates of convergence that are
√
slower than the usual n-rate.
Corollary 2.1. Under Assumptions 1–6, when ζ0 = 0,




B 1/2
1/4



 (−1) J1
 n (α̌n − α0 ) 
0








n1/2 (β̌1n − β10 )
J2x∗






∗ 


 d 

L
x
1/2 
 I(J1 < 0),


n1/4 (β̌ − β ) −
B
2n
20  → (−1) δ20 J1  I(J1 > 0) + 


0kx ×1 




1/2 


 1/4


B
(−1) δ10 J1 
n (β̌3n − β30 )




Lz
J2z
n1/2 (β̌4n − β40 )

(11)

where J2x∗ and Lx∗ are the subvectors consisting of the first kx∗ elements of, respectively, J2 and L, and J2z and
Lz are the subvectors consisting of the last kz elements of, respectively, J2 and L.
2.2.1

A special case: A MESS model with irrelevant Durbin’s regressors but without endogenous
regressors

The irregular phenomenon above appears when ζ0 = 0. It is of interest to note that if the endogenous variables are
really relevant, i.e., β40 6= 0, even though the Durbin regressors are irrelevant, the presence of relevant identifiable
endogenous variables helps the identification of parameters including the unknown ζ0 , which may be zero. If the
Durbin regressors are irrelevant and not included in the model, even though β40 = 0, the Jacobian matrix of the
moment vector at the true parameter vector in general has full rank w.p.a.1.. It is the Durbin regressors with
unknown zero coefficients but not endogenous explanatory variables that lead to the irregular phenomenon. Thus,
for the following MESS model without endogenous variables
eαWn Yn = Xn∗ β1 + Wn ln β2 + Wn Xn1 β3 + Vn ,

Vn = Tn n ,

(12)

we have a rank deficient expected Jacobian matrix of the moment vector for the N2SLS estimation at the true
parameter vector with ζ0 = 0, where β4 is excluded from ζ, which is now ζ = β3 when Wn is row-normalized and
ζ = (β2 , β30 )0 when Wn is not row-normalized.
The MESS model (12) might be of interest in it own right. The N2SLS criterion function for (12) is Qn (θ) =
(eαWn Yn −Xn∗ β1 −Wn ln β2 −Wn Xn1 β3 )0 Hn (eαWn Yn −Xn∗ β1 −Wn ln β2 −Wn Xn β3 ) with θ = (α, β 0 )0 = (α, β10 , β2 , β30 )0 =
n (θ0 ) ∂Qn (θ0 )
(α, δ 0 , ζ 0 )0 . Similar to model (1), when ζ0 = 0, n1 E( ∂Q∂θ
) and
∂θ 0

α
the reparameterization ω = β+K 0 (α−α
≡ (φ, ψ 0 )0 , where
0)

1
n

2

Qn (θ0 )
E( ∂ ∂θ∂θ
) are singular w.p.a.1. Consider
0


1 ∂Qn (θ0 ) ∂Qn (θ0 ) 
1 ∂Qn (θ0 ) ∂Qn (θ0 ) −1
0
K = −(01×k∗ , −δ20 , −δ10
) = plimn→∞
plimn→∞
.
0
n ∂α
∂β
n ∂β
∂β 0
11

Then Qn (θ) = Qn (φ, ψ − K 0 (φ − α0 )) ≡ Q∗n (ω), and

∂Q∗
n (ω0 )
∂φ

has a smaller order than

∂Qn (θ0 )
.
∂α

The reparameteri-

0
zation is (φ, ψ10 , ψ2 , ψ30 ) = (α, β10 , β2 − δ20 (α − α0 ), β30 − δ10
(α − α0 )). Thus, we have Q∗n (ω) = Vn0 (ω)Hn Vn (ω), where

Vn (ω) = eφWn Yn − Xn∗ ψ1 − Wn ln [ψ2 + δ20 (φ − φ0 )] − Wn Xn1 [ψ3 + δ10 (φ − φ0 )]. With some slight modifications
of the assumptions to account for the exclusion of Zn , the asymptotic distribution of ω̌n that minimizes Q∗n (ω)
is in Proposition 2.3 by replacing all Dn in relevant terms by (Xn∗ , Wn ln , Wn Xn1 ). Furthermore, the asymptotic
0
0 0
distribution of the N2SLS estimator (α̌n , β̌1n
, β̌2n , β̌3n
) that minimizes Qn (θ) is in Corollary 2.1.

2.3

Feasible N2SLS estimator

The N2SLS estimator in the above analysis is infeasible as the criterion function Qn (θ) involves the unknown matrix
Tn . We consider a feasible N2SLS estimator using the spatial HAC estimator in Kelejian and Prucha (2007).
For the formulation of a feasible N2SLS estimator, a consistent estimator for the covariance matrix n1 Πn =
√
($n,rs ) is needed. This can be derived as follows. First we can derive a n-consistent but may be inefficient
estimator θ̇n from some feasible N2SLS estimation, e.g., the minimizer of (eαWn Yn −Dn β)0 Fn (Fn0 Fn )−1 Fn0 (eαWn Yn −
Dn β), where Fn consists of observable IV variables. Then the residual vector can be computed as V̂n = eα̇n Wn Yn −
Dn β̇n . Let V̂n = (v̂ni ) and Fn = (fn,ir ). The spatial HAC estimator $̂n,rs of $n,rs has the form
n

$̂n,rs =

n

1 XX
fn,ir fn,js v̂ni v̂nj K(d∗n,ij /dn ),
n i=1 j=1

(13)

where d∗n,ij = d∗n,ji ≥ 0 is a distance measured by the researcher for a meaningful distance measure dn,ij = dn,ji ≥ 0
between spatial units i and j,10 dn > 0 is a selected distance by the researcher such that dn → ∞ as n → ∞, and
K(·) is a kernel function. The d∗n,ij can have some error for dn,ij , but the errors should be uniformly bounded.
Different from Kelejian and Prucha (2007), our IV matrix Fn is allowed to be stochastic, so we maintain a set of
assumptions similar to those in Kelejian and Prucha (2007) but account for randomness of Fn .
√

Pn
n(θ̇n − θ0 ) = Op (1); (ii) for `n = max1≤i≤n (`i,n ) with `i,n = j=1 I(d∗n,ij ≤ dn ), E(`2n ) =
Pn
S
o(n2c` ), where c` ≤ (τ − 2)/[2(τ − 1)] for the τ in Assumption 3, and j=1 |σn,ij |dρn,ij
≤ cS for some ρS ≥ 1 and
Assumption 7. (i)

0 < cS < ∞, where σn,ij is the (i, j)th element of Tn Tn0 ; (iii) d∗n,ij = dn,ij + ξ5n,ij ≥ 0, where ξ5n,ij = ξ5n,ji denotes
the measurement errors, ξ5n,ij ≤ cd with 0 < cd < ∞, and ξ5n,i ’s are independent of ni ’s and ξ4n,i ’s; (iv) the kernel
K : R → [−1, 1], with K(0) = 1, K(x) = K(−x), K(x) = 0 for |x| > 1, satisfies |K(x) − 1| ≤ cK |x|ρK for |x| ≤ 1,
some ρK ≥ 1 and 0 < cK < ∞.
The

√

n-consistency of θ̇n in Assumption 7(i) can be established as for θ̌n in Proposition 2.2. Assumption 7(ii)−

−(iv) are the same as assumptions 4, 5 and 7 in Kelejian and Prucha (2007), except the independence of ξ5n,i ’s and
ξ4n,i ’s. The `n in Assumption 7(ii) plays the same role as the bandwidth parameter in time series literature and
it limits the number of sample covariances entering into the HAC estimator. The second part of Assumption 7(ii)
restricts the degree of correlation that relates to distances between spatial units. Assumption 7(iii) requires the
measurement errors to be uniformly bounded and independent of the model disturbances and the disturbances for
10 Multiple

distances are also allowed in Kelejian and Prucha (2007), which we omit here for simplicity.
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the instruments. Assumption 7(iv) specifies a kernel as usual in time series literature and the properties are satisfied
by many kernels. Detailed discussions can be found in Kelejian and Prucha (2007).
Under the maintained conditions, we may show that $̂n,rs − $n,rs = op (1). Let

1
n Π̂n

= ($̂n,rs ). The criterion

function Q̂n (θ) of the feasible N2SLS estimator θ̂n is
Q̂n (θ) = (eαWn Yn − Dn β)0 Ĥn (eαWn Yn − Dn β),

(14)

0
∗
0
where Ĥn = Fn Π̂−1
n Fn . With the reparameterization in Section 2.2, let Q̂n (ω) = Q̂n (φ, ψ − K (φ − α0 )) and ω̂n be

the minimizer of Q̂∗n (ω).
Proposition 2.4. Under Assumptions 1–7,

1
n Π̂n

− n1 Πn = op (1), and the results in Propositions 2.1 and 2.2 if θ̌n

is replaced by θ̂n and the result in Proposition 2.3 if ω̌n is replaced by ω̂n still hold.11

3

Testing for the irrelevance of the Durbin and endogenous regressors

In this section, we derive the distance difference and gradient tests that test for the irrelevance of the Durbin and
endogenous variables, and also investigate their local power properties.12

3.1

Test statistics

With the restriction ζ = 0 imposed, the restricted N2SLS estimator Ψ̃n minimizes the criterion function
Q̂n (Ψ, 0) = (eαWn Yn − Xn δ)0 Ĥn (eαWn Yn − Xn δ),
where Ψ = (α, δ 0 )0 . This restricted estimation does not have irregular features. As the estimation of this restricted
model is regular, the asymptotic distribution of Ψ̃n follows from the equation:
√

n(Ψ̃n − Ψ0 ) =

1
−1 1
√ (−Wn Xn δ0 , Xn )0 Hn Vn + op (1).
(−Wn Xn δ0 , Xn )0 Hn (−Wn Xn δ0 , Xn )
n
n

(15)

This relation for the restricted model will be useful for deriving asymptotic distributions of test statistics.
3.1.1

The distance difference test

For the unrestricted model, we take a fourth order Taylor expansion of Q∗n (ω̂n ) and collect terms that go to zero in
probability into a remainder. As shown in Section 2.2, the estimator behaves differently for the two cases Rn < 0
11 With

unknown Tn , the N2SLS estimation with the best IV matrix in Proposition 2.2 is not feasible, since the best IV matrix cannot

be consistently estimated.
12 The Wald test is not considered here, because the usual Wald test is a quadratic form of the estimator and has an asymptotic
chi-squared distribution, but from Corollary 2.1, a quadratic form of ζ̂n will not have an asymptotic chi-squared distribution due to the
irregular feature under H0 : ζ0 = 0.
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and Rn > 0. When Rn < 0, from the proof of Proposition 2.3 and its analysis, we have:
Q̂∗n (ω̂n )

−

Q̂∗n (ω0 )


√
n(φ̂n − φ0 )2
1 ∂ 2 Q̂∗n (ω0 ) 1 ∂ Q̂∗n (ω0 )
,√
) √
=( √
∂φ2
2 n
n ∂ψ 0
n(ψ̂n − ψ0 )


4
∗
3 ∗
√
√

1 ∂ Q̂n (ω0 )
1 ∂ Q̂n (ω0 )
2 0
n(φ̂n − φ0 )
n(φ̂n − φ0 )2
24n
∂φ4
4n ∂φ2 ∂ψ 0 

+ √
+ op (1)
√
3 ∗
2 ∗
1 ∂ Q̂n (ω0 )
1 ∂ Q̂n (ω0 )
n(ψ̂n − ψ0 )
n(ψ̂n − ψ0 )
2
0
4n

∂φ ∂ψ

2n

∂ψ∂ψ

= −Vn0 P(−W 2 Xδ0 ,D) Vn + op (1),
where the second equality follows by using (8) and orders of relevant derivatives in Appendix A, and P(−W 2 Xδ0 ,D) =
Hn (−Wn2 Xn δ0 , Dn )[(−Wn2 Xn δ0 , Dn )0 Hn (−Wn2 Xn δ0 , Dn )]−1 (−Wn2 Xn δ0 , Dn )0 Hn . On the other hand, when Rn > 0,
we have:
Q̂∗n (ω̂n ) − Q̂∗n (ω0 ) =

2 ∗
1
∂ Q̂∗n (ω0 )
0 ∂ Q̂n (ω0 )
(
ψ̂
−
ψ
)
+
(ψ̂n − ψ0 ) + op (1) = −Vn0 PD Vn + op (1),
(
ψ̂
−
ψ
)
n
0
n
0
∂ψ 0
2
∂ψ∂ψ 0

because terms associated with (φ̂n − φ0 ) and its powers have small order op (1) due to derivatives with respect
to φ (in Appendix A) having small orders and n1/4 (φ̂n − φ0 ) = op (1) when Rn > 0 as shown in the proof of
Proposition 2.3. With Q̂n (Ψ, 0) of the constrained model and its constrained estimator θ̃n = (Ψ̃0n , 0)0 , by a first
order Taylor expansion of Q̂n (θ̃n ) at θ0 = (Ψ00 , 0)0 , we have:
Q̂n (θ0 ) − Q̂n (θ̃n ) =

1√
1 ∂ 2 Q̂n (Ψ̈n , 0) √
n(Ψ0 − Ψ̃n )0
n(Ψ0 − Ψ̃n ) = Vn0 P(−W Xδ0 ,X) Vn + op (1),
2
n ∂Ψ∂Ψ0

where P(−W Xδ0 ,X) = Hn (−Wn Xn δ0 , Xn )[(−Wn Xn δ0 , Xn )0 Hn (−Wn Xn δ0 , Xn )]−1 (−Wn Xn δ0 , Xn )0 Hn , Ψ̈n lies between Ψ0 and Ψ̃n , and the second equality follows by (15) and small orders of second derivative terms in Appendix A.
Thus, as Q̂n (θ̂n ) = Q̂∗n (ω̂n ) and Q̂n (θ0 ) = Q̂∗n (ω0 ),
Q̂n (θ̃n ) − Q̂n (θ̂n ) = I(Rn < 0)Vn0 (P(−W 2 Xδ0 ,D) − P(−W Xδ0 ,X) )Vn

(16)

+ I(Rn > 0)Vn0 (PD − P(−W Xδ0 ,X) )Vn + op (1).
In the two cases Rn < 0 and Rn > 0, the test statistic is asymptotically distributed as chi-squared random variables,
but the degree of freedom in the latter case is one less than that in the former case.
d

Proposition 3.1. Under Assumptions 1–7, when ζ0 = 0, Q̂n (θ̃n ) − Q̂n (θ̂n ) −
→ T, where T is a mixture of a
χ2 (kx∗ + kz ) and a χ2 (kx∗ + kz − 1) random variable with mixing probabilities equal to 1/2.13
We may compute the p-value of the test or solve for the critical value via P(T > t) =
t) +

1
2

3.1.2

1
2

P(χ2 (kx∗ + kz ) >

P(χ2 (kx∗ + kz − 1) > t).
The gradient test

The gradient test is based on the asymptotic distribution of

∂ Q̂n (θ̃n )
,
∂ζ

where θ̃n = (Ψ̃0n , 0)0 is the restricted N2SLS

estimator with ζ = 0 imposed. Under the null hypothesis with θ0 = (Ψ00 , 0)0 , by the mean value theorem and second
13 χ2 (0)

means the constant 0.
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order derivatives in Appendix A,
1 ∂ Q̂n (θ̃n )
1 ∂ Q̂n (θ0 )
1 ∂ 2 Q̂n (θ̈n ) √
√
n(Ψ̃n − Ψ0 )
=√
+
∂ζ
n ∂ζ∂Ψ0
n
n ∂ζ
2
= − √ (Wn Xn∗∗ , Zn )0 M(−W Xδ0 ,X) Vn + op (1)
n

4
d
−
→ N 0, plimn→∞ (Wn Xn∗∗ , Zn )0 M(−W Xδ0 ,X) (Wn Xn∗∗ , Zn ) ,
n

(17)

where M(−W Xδ0 ,X) = Hn − P(−W Xδ0 ,X) , θ̈n lies between θ̃n and θ0 , Xn∗∗ = (ln , Xn1 ) when Wn is not rownormalized, and Xn∗∗ = Xn1 when Wn is row-normalized. Because M(−W Xδ0 ,X) Wn Xn δ0 = 0, the covariance
matrix (Wn Xn∗∗ , Zn )0 M(−W Xδ0 ,X) (Wn Xn∗∗ , Zn ) is singular. We may show that the rank of this covariance matrix is
kx∗ + kz − 1, i.e., one less than the number of its columns. Using the asymptotically normally distributed gradient
vector

∂ Q̂n (θ̃n )
√1
,
∂ζ
n

an asymptotic chi-squared statistic can be constructed via the Moore-Penrose pseudoinverse of its

asymptotic covariance matrix. Let A+ be the Moore-Penrose pseudoinverse of a square matrix A, and M̃(−W Xδ0 ,X)
be the matrix obtained by replacing δ0 in M(−W Xδ0 ,X) with δ̃n . Then we have the following proposition.
Proposition 3.2. Under Assumptions 1–7, when ζ0 = 0,
∂ Q̂n (θ̃n ) d 2
1 ∂ Q̂n (θ̃n )
[(Wn Xn∗∗ , Zn )0 M̃(−W Xδ0 ,X) (Wn Xn∗∗ , Zn )]+
−
→ χ (kx∗ + kz − 1).
4 ∂ζ 0
∂ζ

3.2

Local power

We consider the local power of the test statistics under the alternative hypothesis that the true parameter ζ0 of the
model with sample size n is subject to the Pitman drift in Assumption 8 (the Durbin regressors and endogenous
explanatory variables are relevant).
Assumption 8. ζ0n =

√1 κ,
n

where κ is a (kx∗ + kz ) × 1 nonzero vector.

When ζ0 = 0, the N2SLS estimators β̂1n and β̂4n are

√

n-consistent, but α̂n , β̂2n and β̂3n can only be n1/4 -

consistent. The distance difference test integrates the information of all components of the N2SLS estimator, so it
might be able to detect the small drift

√1 κ
n

from ζ0 = 0. Under the local alternative in Assumption 8, the restricted

estimator Ψ̃n with the restriction ζ = 0 imposed satisfies Ψ̃n = Ψ0 + op (1). By the mean value theorem, under
Assumption 8,
√

n(Ψ̃n − Ψ0 ) = −
=

1 ∂ 2 Q̂n (Ψ̈n , 0) −1 1 ∂ Q̂n (Ψ0 , 0)
√
n ∂Ψ∂Ψ0
∂Ψ
n

−1
1

1
1
(−Wn Xn δ0 , Xn )0 Hn (−Wn Xn δ0 , Xn ) (−Wn Xn δ0 , Xn )0 Hn (Wn Xn∗∗ , Zn )κ + √ Vn + op (1),
n
n
n
(18)

0
where Ψ̈n is between Ψ0 and Ψ̃n . When κ is not proportional to (δ20 , δ10
, 0)0 , both α̃n and δ̃n can be asymptotically
0
biased. Only α̃n is asymptotically biased if κ is proportional to (δ20 , δ10
, 0)0 . Anyhow, Ψ̃n has the usual rate

Op (n−1/2 ). Then, the gradient test might detect the small drift
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√1 κ
n

from ζ0 = 0.

3.2.1

The distance difference test

Under the local alternative in Assumption 8, the N2SLS estimator θ̂n will still satisfy θ̂n = θ0n + op (1), where
√
0 0
θ0n = (α0 , δ00 , ζ0n
) . We use the same reparameterization ω as in Section 2.2. Thus, corresponding to the drift κ/ n
0
0
0
0
0
0
0
in Assumption 8, ω0n = θ0n , i.e., φ0 = α0 , ψ0n = (ψ10
, ψ20,n
, ψ30,n
, ψ40,n
)0 with ψ10 = β10 and (ψ20,n
, ψ30,n
, ψ40,n
)0 =
√
0
0
0
0
, ψ20
, ψ30,n
, ψ40,n
)0 with ψ10 = β10 ,
κ/ n when the spatial weights matrix is not row-normalized, and ψ0n = (ψ10
√
0
0
ψ20 = β20 and (ψ30,n
, ψ40,n
)0 = κ/ n when the spatial weights matrix is row-normalized. Relevant derivatives of

Q̂∗n (ω) at ω0n have the same orders as before in Appendix A. By an analysis similar to that in Section 2.2, the
estimator ω̂n has the following asymptotic distribution under the local alternative in Assumption 8.
Proposition 3.3. Under Assumptions 1–8,


 
 

 
1/2 
1/2 
n1/4 (φ̂n − φ0 )
(−1)B J1n
0
(−1)B J1
0
d
=
I(Rn < 0)+
I(Rn > 0)+op (1) −
→
I(J1 > 0)+
I(J1 < 0),
√
J2n
Ln
J2
L
n(ψ̂n − ψ0n )

where B is a Bernoulli random variable with success probability equal to P(K ∗ > 0|J1 > 0), and K ∗ = 2 limn→∞ U2 +
0
2
0 −1
0
 1 [E(Fn0 Wn3 Xn δ0 )]0 Π̄−1

n U1 +[E(Fn Wn Xn δ0 )] Π̄n U2
+
Υ2n J+ n1 [E(Fn0 Wn2 Xn∗∗ ), E(Fn0 Wn Zn )]κ ( n1 Π̄n )−1 (U1 +Υ1n J)+limn→∞ J 0 3
0 F )Π̄−1 U
−2 E(Dn
n
2
n
0 −1
0
2
∗∗
0
0
2
0 −1
0
2
1


[E(Fn Wn Xn δ0 )] Π̄n [E(Fn Wn Xn ),E(Fn Wn Zn )]κ
[E(Fn Wn Xn δ0 )] Π̄n Υ2n
.
J + n − 2 [E(F
0 D )]0 Π̄−1 [E(F 0 W 2 X ∗∗ ),E(F 0 W Z )]κ
−2 E(D 0 F )Π̄−1 Υ
n

n

n

2n

n

n

n

n

n

n

n

n

n

n

We use Proposition 3.3 to derive the asymptotic distribution of the distance difference test statistic under the
local alternative in Assumption 8. The test statistic needs to be expanded differently for the two cases Rn < 0
and Rn > 0. Let χ2 (a, b) be a noncentral chi-squared distribution with a degrees of freedom and noncentrality
parameter b..
d

Proposition 3.4. Under Assumptions 1–8, Q̂n (θ̃n ) − Q̂n (θ̂n ) −
→ [r2 + χ2 (kx∗ + kz − 1, c1 )]I(r > 0) + χ2 (kx∗ +
kz − 1, c1 )I(r < 0), where c1 = plimn→∞ n1 κ0 (Wn Xn∗∗ , Zn )0 M(−W Xδ0 ,X) (Wn Xn∗∗ , Zn )κ and r is a standard normal
random variable which is independent of χ2 (kx∗ + kz − 1, c1 ), i.e., the asymptotic distribution of Q̂n (θ̃n ) − Q̂n (θ̂n ) is
a mixture of two noncentral chi-squared distributions χ2 (kx∗ +kz , c1 ) and χ2 (kx∗ +kz −1, c1 ), with both noncentrality
parameters equal to c1 and with mixing probabilities equal to 1/2.
0
, 0)0 , the noncentrality parameters are zero and the test has trivial power for
When κ is proportional to (δ20 , δ10

the Pitman drift ζ0n =
3.2.2

√1 κ.
n

The gradient test

We now consider the local power of the gradient test by assuming that the DGP is subject to the Pitman drift in Assumption 8. Note that

∂ Q̂n (Ψ0 ,0)
√1
∂ζ
n

√2 (Wn X ∗∗ , Zn )0 Hn Vn
n
n

and

= − √2n (Wn Xn∗∗ , Zn )0 Hn (eα0 Wn Yn −Xn δ0 ) = − n2 (Wn Xn∗∗ , Zn )0 Hn (Wn Xn∗∗ , Zn )κ−

2
1 ∂ Q̂n (Ψ̃n ,0)
n
∂ζ∂Ψ0

=

2
∗∗
0
α̃n Wn
Yn , Xn )
n (Wn Xn , Zn ) Hn (−Wn e
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=

2
∗∗
0
n (Wn Xn , Zn ) Hn (−Wn Xn δ0 , Xn )+

op (1). Then, by the mean value theorem and using (18),
1 ∂ Q̂n (Ψ̃n , 0)
√
∂ζ
n
1 ∂ Q̂n (Ψ0 , 0)
1 ∂ 2 Q̂n (Ψ̈n , 0) √
=√
+
n(Ψ̃n − Ψ0 )
∂ζ
n
∂ζ∂Ψ0
n
2
2
= − (Wn Xn∗∗ , Zn )0 M(−W Xδ0 ,X) (Wn Xn∗∗ , Zn )κ − √ (Wn Xn∗∗ , Zn )0 M(−W Xδ0 ,X) Vn + op (1)
n
n

2
4
d
−
→ N − plimn→∞ (Wn Xn∗∗ , Zn )0 M(−W Xδ0 ,X) (Wn Xn∗∗ , Zn )κ, plimn→∞ (Wn Xn∗∗ , Zn )0 M(−W Xδ0 ,X) (Wn Xn∗∗ , Zn ) ,
n
n
where Ψ̈n is between Ψ0 and Ψ̃n . Proposition 3.5 then follows.
Proposition 3.5. Under Assumptions 1–8,
∂ Q̂n (θ̃n ) d 2
1 ∂ Q̂n (θ̃n )
[(Wn Xn∗∗ , Zn )0 M̃(−W Xδ0 ,X) (Wn Xn∗∗ , Zn )]+
−
→ χ (kx∗ + kz − 1, c1 ).
4 ∂ζ 0
∂ζ
Under the Pitman drift in Assumption 8, the gradient test statistic is asymptotically distributed as a noncentral
chi-square random variable with the noncentrality parameter being the same as that for the distance difference test
in Proposition 3.4. However, the distance difference test has one more degree of freedom with probability 0.5 and
the same number of degrees of freedom with probability 0.5.
0
When κ is proportional to (δ20 , δ10
, 0)0 , the noncentrality parameter is zero and the test has trivial power. The
0
test is not able to detect the small drift n−1/2 (δ20 , δ10
, 0)0 from ζ0 = 0. In this case, we should consider a larger
0 0
Pitman drift in Assumption 9, which corresponds to the rate of convergence for (α̂n , β̂2n , β̂3n
).
0
Assumption 9. ζ0n = n−1/4 (δ20 , δ10
, 0)0 .

Under Assumption 9, by the mean value theorem and using the derivatives in Appendix A,
1 ∂ 2 Q̂n (Ψ̈n , 0) −1 −3/4 ∂ Q̂n (Ψ0 , 0)
n
n ∂Ψ∂Ψ0
∂Ψ

−1
0
= (−Wn Xn δ0 , Xn ) Hn (−Wn Xn δ0 , Xn ) (−Wn Xn δ0 , Xn )0 Hn Wn Xn δ0 + Op (n−1/4 )
 
1
=−
+ Op (n−1/4 ),
0

n1/4 (Ψ̃n − Ψ0 ) = −

where Ψ̈n is between Ψ0 and Ψ̃n . In this case, Ψ̃n − Ψ0 has the order Op (n−1/4 ) due to the drift, but Ψ̃n − Ψ0 +


n−1/4 10 has the order Op (n−1/2 ). We may find the leading order term of n1/2 (Ψ̃n − Ψ0 + n−1/4 10 ) by expanding
the first order condition

∂ Q̂n (Ψ̃n ,0)
∂Ψ

= 0 at (α0 − n1/4 , δ00 )0 . Applying the result, then the asymptotic distribution of

the gradient test statistic can be derived.
Proposition 3.6. Under Assumptions 1–7 and 9,
1 ∂ Q̂n (θ̃n )
∂ Q̂n (θ̃n ) d 2
[(Wn Xn∗∗ , Zn )0 M̃(−W Xδ0 ,X) (Wn Xn∗∗ , Zn )]+
−
→ χ (kx∗ + kz − 1, c2 ),
4 ∂ζ 0
∂ζ
where c2 = plimn→∞

1
2
0
∗∗
∗∗
0
∗∗
+
∗∗
0
4n (Wn Xn δ0 ) M(−W Xδ0 ,X) (Wn Xn , Zn )[(Wn Xn , Zn ) M(−W Xδ0 ,X) (Wn Xn , Zn )] (Wn Xn , Zn )

M(−W Xδ0 ,X) Wn2 Xn δ0 .
0
Under the maintained regularity conditions, c2 is generally non-zero. Thus, for the direction (δ20 , δ10
, 0)0 , the
0
gradient test can still have nontrivial power, but it is in terms of the larger drift n−1/4 (δ20 , δ10
, 0)0 .
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4

AGLASSO estimator

In this section, we consider estimation of the MESS model via the AGLASSO. The criterion function for the
AGLASSO estimator is
1
Q̂n (θ) + λn kζ̃n k−µ kζk,
n

(19)

where λn is a positive tuning parameter, ζ̃n is an initial consistent estimator of ζ, k · k denotes the Euclidean norm
(l2 -norm), and µ is some positive number such as 1 or 2 as in the literature. The AGLASSO estimator θ̂n minimizes
(19). Since the irregular phenomenon appears when ζ0 = 0, ζ is penalized in a group with an l2 -norm and there is
no need to penalize other parameters. In addition, we are not interested in whether or not an individual component
of ζ is zero, so a penalty term with an l1 -norm is not needed. The ζ̃n can be the feasible N2SLS estimator in
Section 2. Intuitively, ζ̃n is small when ζ0 = 0, so the penalty term is large, and ζ̂n tends to be closer to zero.
Otherwise, the effect of the penalty term is small.
Assumption 10. ζ̃n = ζ0 + op (1).

4.1

Asymptotic properties

We study the asymptotic properties of the AGLASSO estimator in this subsection. the N2SLS estimator of β has
an explicit form for a given α, so only the parameter space of α is assumed to be compact in Assumption 4. This
is not the case for the AGLASSO estimator, so we make the following slightly stronger assumption.
Assumption 40 . The true parameter vector θ0 is in the interior of the compact parameter space Θ for θ.
Assumption 11 is needed for the consistency of θ̂n .
Assumption 11. λn > 0 and λn = o(1).
Proposition 4.1. Under Assumptions 1–3, 40 , 5, 7, 10 and 11, θ̂n = θ0 + op (1).
We are interested in whether ζ̂n is equal to 0 w.p.a.1. in the case that ζ0 = 0, i.e., the sparsity property. This
cannot be deduced from Proposition 4.1. To establish that property, Assumption 12 is needed. It requires the
penalty term to have at least certain order when ζ0 = 0.
Assumption 12. If ζ0 = 0, n1/2 λn kζ̃n k−µ → ∞ w.p.a.1.
If ζ̃n is the N2SLS estimator, then ζ̃n = Op (n−1/4 ). Thus, n1/2+µ/4 λn → ∞. If λn = O(n−c ) for some c > 0,
then c <

1
2

+ µ/4.

Proposition 4.2. Under Assumptions 1–3, 40 , 5, 7 and 10–12, if ζ0 = 0, then P(ζ̂n = 0) → 1 as n → ∞.
For Ψ = (α, δ 0 )0 , we have the following oracle property.
Proposition 4.3. Under Assumptions 1–3, 40 , 5, 7, and 10–12, if ζ0 = 0, then
√

d

n(Ψ̂n − Ψ0 ) −
→ N 0, lim

n→∞

1
0
E[(−Wn Xn δ0 , Xn )0 Fn ]Π̄−1
n E[Fn (−Wn Xn δ0 , Xn )]
n
18

−1 

.

Proposition 4.3 shows that, when ζ0 = 0, the AGLASSO estimator has the asymptotic distribution as if we
knew the true parameter vector ζ0 = 0. We also derive the asymptotic distribution of θ̂n when ζ0 6= 0. For that
purpose, we first derive the rate of convergence of θ̂n when ζ0 6= 0.
Proposition 4.4. Under Assumptions 1–3, 40 , 5, 7, 10 and 11, if ζ0 6= 0, θ̂n = θ0 + Op (n−1/2 + λn ).
When ζ0 6= 0, λn may affect the convergence rate of θ̂n to θ0 and also the asymptotic distribution of θ̂n . In
order to eliminate the possible impact of the penalty term, the proper rate of λn convergent to zero will be needed.
For that purpose, we maintain Assumption 13.
Assumption 13. λn = o(n−1/2 ).
Proposition 4.5. Under Assumptions 1–3, 40 , 5, 7, 10, 11 and 13, if ζ0 6= 0, then
√

d

n(θ̂n − θ0 ) −
→ N 0, lim

n→∞

1
0
E[(−Wn Dn β0 , Dn )0 Fn ]Π̄−1
n E[Fn (−Wn Dn β0 , Dn )]
n

−1 

.

Proposition 2.2 shows that, if λn is small enough, the AGLASSO estimator has the same asymptotic distribution
as the N2SLS estimator when ζ0 6= 0.
For the sparsity property of ζ̂n when ζ0 = 0, Assumption 12 requires λn to be large enough. When ζ0 6= 0,
Assumption 13 requires λn to be small enough in order to make the bias resulting from the penalty term small.
Given µ and the N2SLS estimator ζ̃n , λn = O(n−1/2−µ/8 ) satisfies these assumptions.

4.2

Selection of the tuning parameter

In this section, we propose to select the tuning parameter λn by minimizing an information criterion and we show
that this data-driven procedure can identify the true model consistently.
To make explicit the dependence of the AGLASSO estimator on the tuning parameter, denote θ̂λ = arg minθ∈Θ [ n1 Q̂n (θ)+
λkζ̃n k−µ kζk]. Let Λ = [0, λmax ] be an interval from which the tuning parameter λ is selected, where λmax is a finite
positive number. We propose to select the tuning parameter λ that minimizes the following information criterion:
hn (λ) =

1
Q̂n (θ̂λ ) − f (ζ̂λ )Γn ,
n

(20)

where f (ζ̂λ ) = 1 if ζ̂λ = 0 and f (ζ̂λ ) = 0 otherwise, and {Γn } is a positive sequence. That is, given Γn , the selected
tuning parameter is λ̂n = arg minλ∈Λ hn (λ). While

1
n Q̂n (θ̂λ )

measures the fit of the model, the term f (ζ̂λ )Γn gives

extra bonus to setting ζ to zero. We take ζ̃n to be the N2SLS estimator in Section 2. To guarantee model selection
consistency, we make the following assumption.
Assumption 14. Γn > 0, Γn → 0 and n1/2 Γn → ∞ as n → ∞.
To balance the requirements Γn → 0 and n1/2 Γn → ∞ in Assumption 14, we may take Γn = O(n−1/4 ).
Assumption 14 shows that the information criterion in (20) is different from the Akaike information criterion
(Γn = O(n−1 )), Bayesian information criterion (Γn = O(n−1 ln n)) and Hannan-Quinn information criteria (Γn =
19

O(n−1 ln ln n)). This is because of the irregular convergence rate of the N2SLS estimator when ζ0 = 0. Let {λ̄n }
be an arbitrary sequence of tuning parameters which satisfy Assumptions 11–13, e.g., λ̄n = n−1/2−µ/8 . Define
Λn = {λ ∈ Λ : ζ̂λ = 0 if ζ0 6= 0, and ζ̂λ 6= 0 if ζ0 = 0}.
Proposition 4.6. Under Assumptions 1–3, 40 , 5, 7, 10 and 14, P(inf λ∈Λn hn (λ) > hn (λ̄n )) → 1 as n → ∞.
Proposition 4.6 does not mean that the tuning parameter chosen by minimizing the information criterion in (20)
must be λ̄n because hn (λ̂n ) ≤ hn (λ̄n ). Instead, it means that any λ that fails to identify the true model cannot
be selected asymptotically as the optimal tuning parameter by the information criterion in (20), since it is less
favorable than λ̄n . Consequently, the model selection consistency of our data-driven procedure is established.

4.3

Computation

In this section, we briefly discuss the computation of our group LASSO estimator. First, we note that, given α and
ζ, the AGLASSO estimator of δ is
δ̂n (α, ζ) = (Xn0 Ĥn Xn )−1 Xn0 Ĥn [eαWn yn − (Wn Xn∗∗ , Zn )ζ].

(21)

Substituting δ̂n (α, ζ) into the AGLASSO criterion function yields the concentrated function:
Ln (α, ζ) = Ln1 (α, ζ) + λn kζ̃n k−µ kζk,
where Ln1 (α, ζ) ≡
M̂n =

−1/2
Π̂n Fn0 [In

1
n Q̂n (α, δ̂n (α, ζ), ζ)

=

1
αWn
yn − M̂n (Wn Xn∗∗ , Zn )ζ]0 [M̂n eαWn yn − M̂n (Wn Xn∗∗ , Zn )ζ]
n [M̂n e

with

− Xn (Xn0 Ĥn Xn )−1 Xn0 Ĥn ]. Note that Ln (α, ζ) is an AGLASSO criterion function in the least

squares framework for a given α, then we can directly apply the algorithms for computing the usual group LASSO.14
Let ζ̂n (α) be the AGLASSO estimator of ζ for a given α. Then α̂n can be obtained by minimizing Ln (α, ζ̂n (α)).

5

Monte Carlo simulations

In this section, we conduct some Monte Carlo experiments to investigate the finite sample performance of the N2SLS
estimator, the AGLASSO estimator and the test statistics for the MESS model.
The experimental design is as follows. The DGP is the following model:
eαWn Yn = Xn1 β1 + ln β2 + Wn Xn1 β3 + Zn β4 + Vn ,

Vn = e−ςWn n ,

(22)

Two row-normalized spatial weights matrices are considered: one is based on the queen criterion and the other on
the rook criterion. The spatial units are assumed to be located on a square grid at locations {(r, s) : r, s = 1, . . . , k},
thus the total number of units is n = k 2 . The distance dn,rs between two spatial units r and s is given by the
Euclidean distance. The Xn1 contains an exogenous variable drawn independently from N (0, 1). we consider
14 In

our Monte Carlo simulations, we use the Matlab package SLEP (Liu et al., 2009), which implements an efficient algorithm based

on the accelerated gradient method in Liu and Ye (2010).
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the case with one endogenous variable Zn = (zn1 , . . . , znn )0 , where zni = z̄ni + uni . The z̄ni is an exogenous
variable consisting of independent draws from N (0, σ02 ), and (ni , uni )’s are independent draws from the bivariate

!
1
0.5
 , where σ02 is chosen such that R2 = 0.2 or 0.8, for R2 = var(Xn1 β10 +
normal distribution N 0, σ02 
0.5 1
Wn Xn1 β30 )/[var(Xn1 β10 + Wn Xn1 β30 ) + σ02 ]. We set δ0 = (β10 , β20 )0 to (1, 1)0 . The true parameter ζ0 = (β30 , β40 )0
is (0, 0)0 , (1, 1)0 or (0, 1)0 . The α0 is set to either −0.2 or −1, and ς0 is set to −0.2.15 We use the IV matrix
[ln , Xn1 , Wn Xn1 , Wn2 Xn1 , Z̄n , Wn Z̄n ] with Z̄n = (z̄n1 , . . . , z̄nn )0 in the estimation. Following Kelejian and Prucha
(2007), in the spatial HAC estimation, we use the distance dn = [n1/4 ], where [r] denotes the nearest integer that
is less than or equal to r, and the kernel function K(x) = (1 − x)2 I(0 ≤ x ≤ 1), which guarantees that the HAC
estimator is positive semi-definite in finite samples. We focus on the case with no measure errors for the distances,
so d∗n,rs = dn,rs . The nominal size of the tests is set to 0.05. For the investigation of the powers of the test
statistics, the data are generated by MESS models with ζ values being (1, 0.5)0 , (1, 1)0 , (1, 1.5)0 , (1, 2)0 , (1, 2.5)0 , or
(1, 3)0 . The tuning parameter λ for the AGLASSO is selected by minimizing the information criterion (20) with
Γn = 0.06n−1/4 .16 We consider two sample sizes: n = 144 or 400. The number of Monte Carlo repetitions is 2, 000.
To compare distributions of the N2SLS estimators in the regular and irregular cases with normal distributions,
we first studentize estimators so that they have mean zero and unit variance and then plot in Figures 1–3 (solid line)
their kernel density estimates, based on normal kernel functions with optimal bandwidths. The estimators are for
the case with the rook matrix, R2 = 0.8, α0 = −0.2, and n = 400.17 The dashed lines represent the standard normal
probability density function (PDF). Figure 1 shows the irregular case with ζ0 = 0. While the density estimates
for β1 and β4 are close to the standard normal, those for α, β2 and β3 show obvious deviations from the normal
distribution. In particular, the density estimate for β3 has an obvious bimodal behavior. For the regular case with
ζ0 = (1, 1)0 , Figure 2 shows that all density estimates are close to the standard normal. For Figure 3, while the
Durbin regressor is irrelevant, the endogenous explanatory variable is relevant (ζ0 = (0, 1)0 ). As mentioned earlier,
this is a regular case. We observe that all density estimates are close to the standard normal PDF.
[Figure 1 about here.]
[Figure 2 about here.]
[Figure 3 about here.]
15 The

MESS model and the SAR model have similar interpretations in some sense. The chosen values −0.2 and −1 in a MESS

process correspond to low and high degrees of spatial dependence in the SAR model (LeSage and Pace, 2007; Debarsy et al., 2015).
16 In theory, the information criterion (20) can achieve model selection consistency as long as Γ satisfies the order requirement in
n
Assumption 14. But the finite sample performance depends on the choice of Γn . From the proof of Proposition 4.6, when ζ0 = 0, Γn
should be larger than the difference of the N2SLS criterion function values divided by n at the N2SLS estimate and at the restricted
N2SLS estimate. For the queen matrix, n = 144, R2 = 0.2 and α0 = −1, we compute the difference 1000 times, and set Γn = cn−1/2
to be the sample mean plus 2 times the standard errors, which yields c = 0.06. We then set Γn = 0.06n−1/2 in all cases and for all
sample sizes.
17 For other cases, the figures are similar, so they are omitted.
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Table 1 presents the probabilities that the AGLASSO estimator selects the right model, i.e., the proportions
of Monte Carlo repetitions where the AGLASSO estimate ζ̂n = 0 when ζ0 = 0, or ζ̂n 6= 0 when ζ0 6= 0. For the
irregular cases with ζ0 = 0, when n = 144 and R2 = 0.2, about 80%–90% of ζ̂n estimates are zero; when the sample
size increases to 400 but R2 is still 0.2, the probabilities of correct model selection increase to higher than 96%;
when R2 increases to 0.8, more ζ̂n estimates are zero. The cases with the rook matrix have higher probabilities
of correct model selection. The impact of α0 on the probabilities of correct model selection is ambiguous. When
ζ0 = (1, 1)0 or ζ0 = (0, 1)0 , ζ̂n estimates are 100% nonzero. Hence, in finite samples, the AGLASSO estimator
may not select the right model with a positive probability, but the probability of making mistakes decreases as the
sample size increases, which is consistent with the asymptotic theory.
[Table 1 about here.]
To investigate the relevance of the asymptotic distributions of the N2SLS, the AGLASSO and also the restricted
N2LS estimators with the restriction ζ = 0 imposed (N2SLS-r), we report the ratios of the SE when n = 144 to
√
that when n = 400 in Table 2. Asymptotically, the theoretical ratio for estimators with the n-rate of convergence
is 1.67, but that for those with the n1/4 -rate is 1.29. When ζ0 = 0, the N2SLS estimators of α, β2 and β3 are
only n1/4 -consistent, but those of β1 and β4 are n1/2 -consistent, the AGLASSO estimators of α, β2 and β3 are
√
√
n-consistent, and the N2SLS-r estimators of α, β2 and β3 are expected to converge to some limits with the nrate. In this case, Table 2 shows that, for the N2SLS, the ratios of α, β2 and β3 fluctuate around 1.29 and are
significantly smaller than 1.67, but those of β1 and β4 are around 1.67; for the N2SLS-r, the ratios of α, β1 and
β2 are close to 1.67; for the AGLASSO, the ratios for β1 are slightly larger than 1.67, but those for α and β2 are
significantly larger than 1.67. The observed large ratios for the AGLASSO might be due to the fact that, in finite
samples, the correct model selection probabilities are higher in cases with larger sample sizes. When ζ0 = (1, 1)0
or ζ0 = (0, 1)0 , the reported ratios are around 1.67 in most cases, because the N2SLS and AGLASSO estimators
√
√
are n-consistent, and the N2SLS-r estimators converge to their limits with the n-rate. Overall, the ratios in the
tables are consistent with our asymptotic theory.
[Table 2 about here.]
Tables 3–5 report the biases, standard errors (SEs) and coverage probabilities (CP) of 95% confidence intervals
of the N2SLS, N2SLS-r and AGLASSO estimates when n = 144.18 Table 3 shows the results in the irregular case
with ζ0 = 0. We first focus on the N2SLS. Biases and SEs for α, β2 and β3 are relatively larger than those for β1
and β4 .19 Specifically, while the biases for β1 and β4 are all smaller or equal to 0.058 and 0.005 respectively, and
the SEs for β1 and β4 are all smaller or equal to 0.204 and 0.088 respectively, the biases and SEs for α, β2 and
18 Results

for n = 400 are reported in the supplementary file. They have patterns similar to those in Tables 3–5, but as expected we

observe smaller biases and SEs and generally more accurate CPs in corresponding cases. Because the asymptotic distributions of the
N2SLS estimators in the irregular case are very complicated, their confidence intervals are simulated, which are obtained by sampling
from the asymptotic distribution in Corollary 2.1 1000 times and taking the 2.5% and 97.5% quantiles.
19 Recall that the N2SLS estimators of α, β and β only have the n1/4 -rate of convergence.
2
3
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β3 are usually several times larger than those of β1 and β4 . The cases with R2 = 0.8 have smaller biases and SEs
than those with R2 = 0.2 in most cases. Comparing cases with the queen matrix and the rook matrix, those with
the rook matrix have smaller SEs, but they only have smaller biases in some cases. The impact of α0 on the bias
is ambiguous. In general, cases with α0 = −1 have larger SEs than those with α0 = −0.2. The CPs are all close
to 95% except those for β2 , which are only around 80% for cases with the queen matrix and R2 = 0.2. Since the
N2SLS-r estimator has imposed the right restriction, it has smaller bias and smaller SE than those of the N2SLS
estimator in all cases. For the AGLASSO, due to a positive probability of making mistakes in model selection as
seen from Table 1, its bias and SE are between those of the N2SLS-r and N2SLS, but they are generally significantly
smaller than those of the N2SLS. Since the AGLASSO selects the right model with higher probabilities for cases
with R2 = 0.8 than for those with R2 = 0.2, its bias and SE are closer to those of the N2SLS-r in those cases.
The CPs for the N2SLS-r are all close to 95%, and the CPs of the AGLASSO are closer to 95% than those for the
N2SLS in most cases.
[Table 3 about here.]
Table 4 presents results on biases, SEs and CPs in the regular case with ζ0 = (1, 1)0 and n = 144. The bias of
the N2SLS estimator is smaller than or equal to 0.051 in all cases. Compared with the irregular case with ζ0 = 0
in Table 3, the biases of the N2SLS estimators are significantly smaller except those for β4 , the SEs of the N2SLS
estimators for α, β2 and β3 are significantly smaller, while those for β1 and β4 have similar magnitudes. It is still
observed that the cases with a larger R2 generally have smaller SEs, and the cases with the rook matrix generally
have smaller SEs than those with the queen matrix. Since the N2SLS-r estimator has imposed the wrong restriction
ζ = 0, it has relatively large bias in all cases. As the AGLASSO estimates ζ as nonzero with probability one, it has
the same bias and SE as the N2SLS estimator. The CPs for the N2SLS and AGLASSO are around 95% in all cases,
but those of the N2SLS-r can be very low in some cases due to its large biases. Biases, SEs and CPs in the regular
case with ζ0 = (0, 1)0 and n = 144 are reported in Table 5. Patterns similar to those for Table 4 are observed.
[Table 4 about here.]
[Table 5 about here.]
The empirical size and power properties of the distance difference test and gradient test are summarized in
Table 6. The two tests have empirical sizes close to zero, but they have power larger than the nominal size in
almost all cases. Thus the tests are conservative in finite samples.20 For n = 144, the power generally increases
as β4 in the DGP increases. There are no clear patterns for the impacts of R2 and the spatial weights matrix on
the power. Cases with different α0 values have similar power. Except for several cases with the rook matrix and
20 In

the supplementary file, we also report the empirical size and power properties for the homoskedastic case without using the HAC

estimator. The empirical sizes are close to the nominal 5% and the powers have similar patterns. Thus the size distortion may be
largely due to the use of the HAC estimator.
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R2 = 0.8, the gradient test has larger power than that of the distance difference test. The power increases as the
sample size increases from 144 to 400, thus the power are all close or equal to 1 when n = 400.
[Table 6 about here.]

6

Conclusion

In this paper, we consider estimation of the MESS model with both the Durbin and endogenous explanatory
variables. As the disturbances of the MESS model are allowed to have heteroskedastic variances and spatial
dependence of unknown form, the N2SLS estimation is employed and is a robust estimation method for such a
general model. Optimal N2SLS estimation is feasible with a HAC estimated weighting matrix. For the N2SLS
estimation, the model parameters are generally identifiable and the N2SLS estimator is consistent. If the true
parameter vector for the Durbin and endogenous explanatory variables is nonzero, the N2SLS estimator has the usual
√
n-rate of convergence and is asymptotically normal; otherwise, only some components of the N2SLS estimator
√
have the n convergence rate, while the remaining components have the n1/4 -rate, and the asymptotic distribution
is nonstandard. Since the irrelevance of the Durbin and endogenous regressors causes the irregular phenomenon, in
addition to estimation, it may be of interest to consider the tests of their irrelevance. We investigate the distance
difference and gradient tests. These two tests can generally detect Pitman drifts with the rate n−1/2 . However,
there is a direction with the rate n−1/2 for which the tests have trivial power.
As an alternative estimation method based on the N2SLS estimation, we propose to estimate the MESS model
and perform a model selection via the AGLASSO. We show that the proposed estimator has the oracle property
√
under regularity conditions. As a result, the N2SLS estimator with penalty has the usual n-rate of convergence
√
and asymptotic normal distribution. By contrast, the N2SLS estimator has slower than the n-rate of convergence
and non-normal asymptotic distribution in an irregular case. The irregular case occurs when a component of the
true parameter vector takes a certain value, but if the the component is restricted to be the true value in the N2SLS
estimation, the irregular phenomenon disappears. Since the LASSO can perform simultaneous model selection and
estimation and the proposed AGLASSO estimator has the oracle property, there is no irregular phenomenon in the
AGLASSO estimator. The AGLASSO provides an alternative estimation strategy so there is no need to find the
nonstandard asymptotic distribution of the N2SLS estimator and also a pre-test procedure may not be needed. We
propose to select the tuning parameter in the AGLASSO estimation by minimizing an information criterion.
In Monte Carlo experiments, the N2SLS estimators of the parameters with only the n1/4 -rate of convergence
in the irregular case have large biases and SEs, but the N2SLS estimators of all parameters in the regular case
performs well. The AGLASSO estimators perform as well as the restricted N2SLS in the irregular case and as the
unrestricted N2SLS in the regular case for a moderate sample size. The distance difference test and gradient test
are undersized and are powerful for the sample sizes considered. Thus, for estimation, the N2SLS estimates should
not be used directly and we suggest the AGLASSO method. If one is willing to implement a pre-test with the
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distance difference or gradient test, then the a further estimation of the restricted model is needed if the the null
hypothesis of no Durbin and endogenous regressors is not rejected.
In the case that the endogenous explanatory variables in the MESS models are equal to a non-linear function
of some exogenous variables plus disturbance terms, there is a many IV issue in the N2SLS estimation, which is
an interesting research question to explore in the future.21 Instead of unknown spatial dependence in disturbances,
if a spatial dependence process is specified for the disturbances, we might also consider the GMM estimation that
explores, in addition to the linear moments, quadratic moments that capture spatial dependence (Lee, 2007), even
unknown heteroskedastic variances remain unspecified. The additional quadratic moments can make the expected
Jacobian matrix of the moment vector have full rank. Thus a proper GMM estimator with additional higher order
√
moments may have the usual n-rate of convergence and asymptotic normal distribution. It is of interest to find
the best moment conditions. Furthermore, in the event of homoskedastic or heteroskedastic disturbances with
parametric variances, it is of interest on how to implement the best GMM estimation in practice.
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Appendix A

Derivatives

The first order derivatives of Qn (θ) are given in (4) and (5). The second order derivatives are:
0
0
∂ 2 Qn (θ)
= 2Yn0 eαWn Wn02 Hn (eαWn Yn − Dn β) + 2Yn0 eαWn Wn0 Hn Wn eαWn Yn ,
2
∂α
∂ 2 Qn (θ)
= −2Dn0 Hn Wn eαWn Yn ,
∂α∂β
∂ 2 Qn (θ)
= 2Dn0 Hn Dn .
∂β∂β 0

The derivatives of Q∗n (ω) are:
∂Q∗n (ω)
= 2(Wn eφWn Yn − Wn Xn δ0 )0 Hn Vn (ω),
∂φ
∂Q∗n (ω)
= −2Dn0 Hn Vn (ω),
∂ψ
21 For

the SAR model, the many IV issue has been studied in Liu and Lee (2013) and Jin and Lee (2013).
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(23)
(24)
(25)

∂ 2 Q∗n (ω)
∂φ2
∂ 2 Q∗n (ω)
∂φ∂ψ
2 ∗
∂ Qn (ω)
∂ψ∂ψ 0
∂ 3 Q∗n (ω)
∂φ3
3 ∗
∂ Qn (ω)
∂φ2 ∂ψ
∂ 4 Q∗n (ω)
∂φ4
4 ∗
∂ Qn (ω)
∂φ3 ∂ψ
∂ 5 Q∗n (ω)
∂φ5
5 ∗
∂ Qn (ω)
∂φ4 ∂ψ

= 2(Wn2 eφWn Yn )0 Hn Vn (ω) + 2(Wn eφWn Yn − Wn Xn δ0 )0 Hn (Wn eφWn Yn − Wn Xn δ0 ),
= −2Dn0 Hn (Wn eφWn Yn − Wn Xn δ0 ),
= 2Dn0 Hn Dn ,
= 2(Wn3 eφWn Yn )0 Hn Vn (ω) + 6(Wn2 eφWn Yn )0 Hn (Wn eφWn Yn − Wn Xn δ0 ),
= −2Dn0 Hn Wn2 eφWn Yn ,
= 2(Wn4 eφWn Yn )0 Hn Vn (ω) + 8(Wn3 eφWn Yn )0 Hn (Wn eφWn Yn − Wn Xn δ0 ) + 6(Wn2 eφWn Yn )0 Hn Wn2 eφWn Yn ,
= −2Dn0 Hn Wn3 eφWn Yn ,
= 2(Wn5 eφWn Yn )0 Hn Vn (ω) + 10(Wn4 eφWn Yn )0 Hn (Wn eφWn Yn − Wn Xn δ0 ) + 20(Wn3 eφWn Yn )0 Hn Wn2 eφWn Yn ,
= −2Dn0 Hn Wn4 eφWn Yn .

Other unlisted derivatives with order equal to or smaller than five are equal to zero. Specifically, as

∂ 2 Q∗
n (ω)
∂ψ∂ψ 0

does

not depend on ω, any additional derivatives for this derivative are zero. Hence, by Lemma 1 in the supplementary
file, with ζ0 = 0, we have:
∂Q∗n (ω0 )
∂φ
∂Q∗n (ω0 )
∂ψ
∂ 2 Q∗n (ω0 )
∂φ2
2 ∗
∂ Qn (ω0 )
∂φ∂ψ
2 ∗
∂ Qn (ω0 )
∂ψ∂ψ 0
3 ∗
∂ Qn (ω0 )
∂φ3

= 2Vn0 Wn0 Hn Vn = Op (1),
√
= −2Dn0 Hn Vn = Op ( n),
√
= 2(Xn δ0 + Vn )0 Wn02 Hn Vn + 2Vn0 Wn0 Hn Wn Vn = 2(Wn2 Xn δ0 )0 Hn Vn + Op (1) = Op ( n),
√
= −2Dn0 Hn Wn Vn = Op ( n),
= 2Dn0 Hn Dn = Op (n),
= 2(Xn δ0 + Vn )0 Wn03 Hn Vn + 6(Xn δ0 + Vn )0 Wn02 Hn Wn Vn = 2(Wn3 Xn δ0 )0 Hn Vn + 6(Wn2 Xn δ0 )0 Hn Wn Vn + Op (1)
√
= Op ( n),

∂ 3 Q∗n (ω0 )
= −2Dn0 Hn Wn2 (Xn δ0 + Vn ) = −2Dn0 Hn Wn2 Xn δ0 + Op (n1/2 ) = Op (n),
∂φ2 ∂ψ
∂ 4 Q∗n (ω0 )
= 2(Xn δ0 + Vn )0 Wn04 Hn Vn + 8(Xn δ0 + Vn )0 Wn03 Hn Wn Vn + 6(Xn δ0 + Vn )0 Wn02 Hn Wn2 (Xn δ0 + Vn )
∂φ4
= 6(Wn2 Xn δ0 )0 Hn Wn2 Xn δ0 + Op (n1/2 )
= Op (n),
∂ 4 Q∗n (ω0 )
= −2Dn0 Hn Wn3 (Xn δ0 + Vn ) = −2Dn0 Hn Wn3 Xn δ0 + Op (n1/2 ) = Op (n),
∂φ3 ∂ψ
∂ 5 Q∗n (ω)
∂ 5 Q∗n (ω)
and
are of order Op (n) uniformly in ω.
5
∂φ
∂φ4 ∂ψ
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Orders of derivatives
∂Q∗
n (ω0 )
∂φ

= Op (1)
3 ∗
√
∂ Qn (ω0 )
= Op ( n)
∂φ3
∂

5

Q∗
n (ω)
∂φ5

∂Q∗
n (ω0 )
∂ψ
∂ Q∗
n (ω0 )
∂φ2 ∂ψ

√
= Op ( n)

∂ 2 Q∗
n (ω0 )
∂φ2

= Op (n)

∂ Q∗
n (ω0 )
∂φ∂ψ∂ψ 0

3

∂ Q∗
n (ω)
∂φ4 ∂ψ

√
= Op ( n)

3

=0

∂ 2 Q∗
n (ω0 )
∂φ∂ψ
∂

4

Q∗
n (ω0 )
∂φ4

√
= Op ( n)

∂ 2 Q∗
n (ω0 )
∂ψ∂ψ 0

= Op (n)

= Op (n)

∂ Q∗
n (ω0 )
∂φ3 ∂ψ

= Op (n)

4

5

= Op (n)

= Op (n)
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Figure 1: Kernel density estimates of the N2SLS estimators with ζ0 = 0 [Solid line: kernel density estimate; dashed
line: standard normal PDF]
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Figure 2: Kernel density estimates of the N2SLS estimators with ζ0 = (1, 1)0 [Solid line: kernel density estimate;
dashed line: standard normal PDF]
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Figure 3: Kernel density estimates of the N2SLS estimators with ζ0 = (0, 1)0 [Solid line: kernel density estimate;
dashed line: standard normal PDF]
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Table 1: Probabilities that the AGLASSO estimator selects the right model
n = 144
queen, R2 = 0.2, α0 = −0.2
queen, R2 = 0.2, α0 = −1
rook, R2 = 0.2, α0 = −0.2
rook, R2 = 0.2, α0 = −1
queen, R2 = 0.8, α0 = −0.2
queen, R2 = 0.8, α0 = −1
rook, R2 = 0.8, α0 = −0.2
rook, R2 = 0.8, α0 = −1

ζ0 = 0

ζ0 = (1, 1)

0.812
0.847
0.884
0.866
0.861
0.886
0.900
0.904

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

0

n = 400
ζ0 = (0, 1)
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

0

ζ0 = 0

ζ0 = (1, 1)0

ζ0 = (0, 1)0

0.967
0.973
0.987
0.980
0.976
0.983
0.989
0.991

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

The numbers denote the proportions of Monte Carlo repetitions where the AGLASSO estimate ζ̂n = 0
when ζ0 = 0, or ζ̂n 6= 0 when ζ0 6= 0. β10 = 1 and β20 = 1.

Table 2: Ratios of the SE when n = 144 to that when n = 400
α

β1

β2

β3

β4

ζ0 = 0
queen, R2 = 0.2, α0 = −0.2
queen, R2 = 0.2, α0 = −1
rook, R2 = 0.2, α0 = −0.2
rook, R2 = 0.2, α0 = −1
queen, R2 = 0.8, α0 = −0.2
queen, R2 = 0.8, α0 = −1
rook, R2 = 0.8, α0 = −0.2
rook, R2 = 0.8, α0 = −1

1.221[1.547]1.596
1.109[1.515]1.572
1.126[1.641]1.657
1.149[1.601]1.746
1.261[1.633]2.226
1.342[1.662]2.318
1.352[1.585]2.507
1.382[1.648]2.967

1.748[1.713]1.805
1.708[1.659]1.708
1.572[1.643]1.677
1.640[1.709]1.756
1.655[1.670]1.739
1.756[1.680]1.779
1.702[1.706]1.764
1.712[1.701]1.761

0.993[1.560]1.624
1.000[1.527]1.436
0.969[1.775]1.709
1.097[1.793]2.030
1.236[1.634]2.374
1.596[1.703]2.399
1.422[1.607]2.673
1.510[1.644]3.272

1.248[—]—
1.161[—]—
1.199[—]—
1.241[—]—
1.243[—]—
1.351[—]—
1.374[—]—
1.361[—]—

1.792[—]—
1.701[—]—
1.688[—]—
1.667[—]—
1.682[—]—
1.753[—]—
1.701[—]—
1.765[—]—

ζ0 = (1, 1)0
queen, R2 = 0.2, α0 = −0.2
queen, R2 = 0.2, α0 = −1
rook, R2 = 0.2, α0 = −0.2
rook, R2 = 0.2, α0 = −1
queen, R2 = 0.8, α0 = −0.2
queen, R2 = 0.8, α0 = −1
rook, R2 = 0.8, α0 = −0.2
rook, R2 = 0.8, α0 = −1

1.764[1.675]1.764
1.704[1.640]1.704
1.691[1.826]1.691
1.928[1.815]1.928
1.744[1.722]1.744
1.750[1.647]1.750
1.722[1.760]1.748
1.774[1.712]1.774

1.782[1.698]1.782
1.747[1.741]1.747
1.683[1.752]1.683
1.722[1.731]1.722
1.696[1.737]1.696
1.689[1.661]1.689
1.719[1.640]1.719
1.740[1.646]1.740

2.391[2.550]2.391
1.830[1.863]1.830
1.789[2.176]1.789
1.944[2.220]1.944
1.798[1.782]1.798
1.729[1.678]1.729
1.714[1.739]1.720
1.817[1.736]1.817

1.679[—]1.679
1.676[—]1.676
1.626[—]1.626
1.720[—]1.720
1.666[—]1.666
1.674[—]1.674
1.740[—]1.765
1.742[—]1.742

1.675[—]1.675
1.700[—]1.700
1.778[—]1.778
1.718[—]1.718
1.777[—]1.777
1.692[—]1.692
1.725[—]1.727
1.712[—]1.712

ζ0 = (0, 1)0
queen, R2 = 0.2, α0 = −0.2
queen, R2 = 0.2, α0 = −1
rook, R2 = 0.2, α0 = −0.2
rook, R2 = 0.2, α0 = −1
queen, R2 = 0.8, α0 = −0.2
queen, R2 = 0.8, α0 = −1
rook, R2 = 0.8, α0 = −0.2
rook, R2 = 0.8, α0 = −1

1.777[1.799]1.777
1.672[1.640]1.671
1.759[1.741]1.759
1.764[1.687]1.764
1.813[1.673]1.813
1.696[1.689]1.696
1.812[1.666]1.812
1.919[1.693]1.919

1.728[1.694]1.728
1.732[1.707]1.732
1.638[1.609]1.638
1.659[1.647]1.659
1.794[1.699]1.794
1.709[1.683]1.709
1.716[1.659]1.716
1.764[1.690]1.764

2.162[2.494]2.165
1.929[2.641]1.929
1.817[1.970]1.817
1.756[1.767]1.756
2.159[1.748]2.158
2.406[1.818]2.405
1.855[1.711]1.855
2.084[1.689]2.084

1.643[—]1.643
1.710[—]1.710
1.671[—]1.671
1.674[—]1.674
1.851[—]1.851
1.695[—]1.695
1.808[—]1.808
1.851[—]1.851

1.744[—]1.744
1.728[—]1.727
1.665[—]1.665
1.736[—]1.736
1.762[—]1.762
1.697[—]1.697
1.763[—]1.763
1.786[—]1.786

The numbers show the ratios of the SE when n = 144 to that when n = 400 in each case. The three numbers in each cell
correspond to: N2SLS[N2SLS-r]AGLASSO. The ratios for the N2SLS-r estimates of β3 and β4 are not reported, because
those estimates are restricted to zero. β10 = 1 and β20 = 1. The ratios for the AGLASSO estimates of β3 and β4 when
ζ0 = 0 are not reported either, because Table 1 shows that those estimates are zero with very high probabilities.
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Table 3: Biases, SEs and CPs when ζ0 = 0 and n = 144
α

β1

β2

β3

β4

queen, R = 0.2, α0 = −0.2
N2SLS
-0.592[0.861]0.969
N2SLS-r
-0.172[0.446]0.985
AGLASSO -0.272[0.609]0.973

0.058[0.204]0.990
-0.004[0.179]0.981
0.004[0.198]0.980

-0.227[0.779]0.764
-0.068[0.532]0.917
-0.097[0.656]0.875

-0.419[0.858]0.993
0.000[0.000]—
-0.157[0.516]—

0.005[0.088]0.982
0.000[0.000]—
0.005[0.057]—

queen, R2 = 0.2, α0 = −1
N2SLS
-0.493[0.882]0.972
N2SLS-r
-0.145[0.445]0.983
AGLASSO -0.255[0.589]0.974

0.053[0.204]0.988
-0.008[0.174]0.981
-0.002[0.188]0.980

-0.078[1.240]0.799
-0.041[0.527]0.925
-0.093[0.573]0.883

-0.333[0.926]0.985
0.000[0.000]—
-0.137[0.464]—

0.003[0.085]0.983
0.000[0.000]—
0.003[0.052]—

rook, R2 = 0.2, α0 = −0.2
N2SLS
-0.147[0.613]0.985
N2SLS-r
-0.039[0.311]0.995
AGLASSO -0.083[0.418]0.982

0.046[0.195]0.987
-0.009[0.178]0.978
-0.005[0.188]0.979

0.050[0.867]0.888
0.010[0.409]0.965
0.000[0.517]0.932

-0.151[0.674]0.995
0.000[0.000]—
-0.068[0.331]—

0.003[0.085]0.988
0.000[0.000]—
0.004[0.049]—

rook, R2 = 0.2, α0 = −1
N2SLS
-0.063[0.681]0.977
N2SLS-r
-0.032[0.308]0.996
AGLASSO -0.090[0.410]0.985

0.053[0.202]0.990
-0.010[0.176]0.986
-0.001[0.187]0.984

0.232[1.346]0.899
0.024[0.424]0.968
0.003[0.541]0.941

-0.078[0.721]0.997
0.000[0.000]—
-0.072[0.359]—

0.004[0.085]0.985
0.000[0.000]—
0.004[0.050]—

queen, R2 = 0.8, α0 = −0.2
N2SLS
-0.173[0.510]0.968
N2SLS-r
-0.010[0.124]0.968
AGLASSO -0.082[0.310]0.916

0.020[0.049]0.987
0.001[0.044]0.979
0.006[0.047]0.979

-0.036[0.565]0.880
-0.003[0.135]0.965
-0.039[0.285]0.895

-0.123[0.518]0.967
0.000[0.000]—
-0.059[0.268]—

0.004[0.087]0.983
0.000[0.000]—
0.005[0.054]—

queen, R2 = 0.8, α0 = −1
N2SLS
0.005[0.592]0.927
N2SLS-r
-0.005[0.127]0.970
AGLASSO -0.060[0.272]0.942

0.021[0.054]0.982
-0.002[0.044]0.981
0.003[0.047]0.978

0.217[0.914]0.928
0.002[0.141]0.961
-0.026[0.278]0.915

0.051[0.607]0.930
0.000[0.000]—
-0.039[0.231]—

0.001[0.087]0.988
0.000[0.000]—
0.004[0.048]—

rook, R2 = 0.8, α0 = −0.2
N2SLS
0.069[0.372]0.958
N2SLS-r
-0.002[0.081]0.982
AGLASSO -0.018[0.176]0.951

0.017[0.050]0.990
-0.001[0.044]0.978
0.003[0.047]0.979

0.151[0.469]0.968
0.001[0.097]0.976
-0.002[0.209]0.946

0.063[0.366]0.983
0.000[0.000]—
-0.012[0.160]—

0.001[0.085]0.984
0.000[0.000]—
0.005[0.049]—

rook, R2 = 0.8, α0 = −1
N2SLS
0.121[0.376]0.938
N2SLS-r
-0.003[0.083]0.988
AGLASSO -0.011[0.176]0.961

0.017[0.050]0.989
-0.001[0.044]0.976
0.003[0.046]0.975

0.213[0.503]0.978
-0.001[0.098]0.977
0.005[0.221]0.948

0.112[0.356]0.979
0.000[0.000]—
-0.003[0.156]—

0.002[0.087]0.980
0.000[0.000]—
0.004[0.050]—

2

“N2SLS” denotes the unrestricted N2SLS estimator and “N2SLS-r” denotes the restricted N2SLS estimator with
the restriction ζ = 0 imposed. The three numbers in each cell are: bias[SE]CP. β10 = 1 and β20 = 1.
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Table 4: Biases, SEs and CPs when ζ0 = (1, 1)0 and n = 144
α

β1

β2

β3

β4

queen, R = 0.2, α0 = −0.2
N2SLS
0.004[0.282]0.989
N2SLS-r
-0.120[0.476]0.999
AGLASSO
0.004[0.282]0.989

-0.001[0.202]0.987
-0.031[0.390]0.982
-0.001[0.202]0.987

0.051[0.535]0.969
0.012[0.961]0.967
0.051[0.535]0.969

0.012[0.652]0.979
-1.000[0.000]—
0.012[0.652]0.978

-0.007[0.089]0.988
-1.000[0.000]—
-0.007[0.089]0.988

queen, R2 = 0.2, α0 = −1
N2SLS
-0.011[0.264]0.993
N2SLS-r
-0.131[0.453]1.000
AGLASSO -0.011[0.264]0.993

-0.003[0.197]0.981
-0.047[0.392]0.974
-0.003[0.197]0.981

0.023[0.401]0.973
-0.031[0.743]0.966
0.023[0.401]0.973

-0.028[0.628]0.980
-1.000[0.000]—
-0.028[0.628]0.980

-0.003[0.090]0.984
-1.000[0.000]—
-0.003[0.090]0.984

rook, R2 = 0.2, α0 = −0.2
N2SLS
-0.004[0.174]0.994
N2SLS-r
-0.090[0.367]1.000
AGLASSO -0.004[0.174]0.994

-0.002[0.202]0.986
-0.035[0.415]0.975
-0.002[0.202]0.986

0.011[0.328]0.979
-0.024[0.679]0.977
0.011[0.328]0.979

0.004[0.396]0.990
-1.000[0.000]—
0.004[0.396]0.990

-0.009[0.091]0.990
-1.000[0.000]—
-0.009[0.091]0.990

rook, R2 = 0.2, α0 = −1
N2SLS
0.002[0.191]0.994
N2SLS-r
-0.086[0.362]1.000
AGLASSO
0.002[0.191]0.994

0.011[0.201]0.989
-0.034[0.410]0.972
0.011[0.201]0.989

0.013[0.336]0.975
-0.022[0.678]0.974
0.013[0.336]0.975

0.015[0.416]0.991
-1.000[0.000]—
0.015[0.416]0.991

-0.008[0.092]0.982
-1.000[0.000]—
-0.008[0.092]0.982

queen, R2 = 0.8, α0 = −0.2
N2SLS
-0.017[0.206]0.983
N2SLS-r
-0.624[0.209]0.459
AGLASSO -0.017[0.206]0.983

0.002[0.054]0.983
-0.049[0.101]0.965
0.002[0.054]0.983

0.005[0.224]0.979
-0.451[0.132]0.342
0.005[0.224]0.979

-0.023[0.293]0.984
-1.000[0.000]—
-0.023[0.293]0.984

-0.002[0.091]0.979
-1.000[0.000]—
-0.002[0.091]0.979

queen, R2 = 0.8, α0 = −1
N2SLS
-0.012[0.208]0.985
N2SLS-r
-0.635[0.206]0.444
AGLASSO -0.012[0.208]0.985

0.002[0.054]0.982
-0.053[0.102]0.958
0.002[0.054]0.982

0.008[0.220]0.974
-0.459[0.128]0.320
0.008[0.220]0.974

-0.009[0.294]0.983
-1.000[0.000]—
-0.009[0.294]0.983

-0.004[0.089]0.983
-1.000[0.000]—
-0.004[0.089]0.983

rook, R2 = 0.8, α0 = −0.2
N2SLS
-0.004[0.124]0.988
N2SLS-r
-0.559[0.224]0.574
AGLASSO -0.004[0.126]0.988

0.001[0.058]0.987
-0.099[0.114]0.905
0.001[0.058]0.987

0.005[0.141]0.985
-0.412[0.149]0.445
0.005[0.141]0.985

-0.005[0.145]0.984
-1.000[0.000]—
-0.005[0.147]0.983

-0.006[0.087]0.987
-1.000[0.000]—
-0.006[0.087]0.987

rook, R2 = 0.8, α0 = −1
N2SLS
-0.006[0.126]0.985
N2SLS-r
-0.552[0.211]0.574
AGLASSO -0.006[0.126]0.985

-0.002[0.058]0.988
-0.097[0.113]0.918
-0.002[0.058]0.988

0.002[0.143]0.983
-0.412[0.140]0.430
0.002[0.143]0.983

-0.007[0.144]0.987
-1.000[0.000]—
-0.007[0.144]0.987

-0.003[0.086]0.984
-1.000[0.000]—
-0.003[0.086]0.984

2

“N2SLS” denotes the unrestricted N2SLS estimator and “N2SLS-r” denotes the restricted N2SLS estimator with
the restriction ζ = 0 imposed. The three numbers in each cell are: bias[SE]CP. β10 = 1 and β20 = 1.
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Table 5: Biases, SEs and CPs when ζ0 = (0, 1)0 and n = 144
α

β1

β2

β3

β4

queen, R = 0.2, α0 = −0.2
N2SLS
0.004[0.279]0.990
N2SLS-r
0.028[0.509]0.999
AGLASSO
0.004[0.279]0.990

0.005[0.179]0.988
-0.012[0.361]0.979
0.005[0.179]0.988

0.051[0.488]0.969
0.211[1.018]0.982
0.051[0.488]0.969

0.018[0.585]0.984
0.000[0.000]—
0.018[0.585]0.983

-0.007[0.090]0.984
-1.000[0.000]—
-0.007[0.090]0.983

queen, R2 = 0.2, α0 = −1
N2SLS
0.005[0.269]0.991
N2SLS-r
0.028[0.493]1.000
AGLASSO
0.005[0.269]0.991

0.007[0.177]0.985
-0.004[0.359]0.979
0.007[0.177]0.985

0.037[0.421]0.977
0.175[1.122]0.978
0.037[0.421]0.977

0.013[0.592]0.988
0.000[0.000]—
0.013[0.592]0.988

-0.006[0.090]0.983
-1.000[0.000]—
-0.006[0.090]0.982

rook, R2 = 0.2, α0 = −0.2
N2SLS
-0.002[0.181]0.995
N2SLS-r
0.016[0.349]1.000
AGLASSO -0.002[0.181]0.995

0.005[0.176]0.986
-0.002[0.353]0.980
0.005[0.176]0.986

0.018[0.301]0.979
0.101[0.650]0.983
0.018[0.301]0.979

-0.001[0.376]0.989
0.000[0.000]—
-0.001[0.376]0.989

-0.007[0.088]0.989
-1.000[0.000]—
-0.007[0.088]0.989

rook, R2 = 0.2, α0 = −1
N2SLS
-0.001[0.188]0.995
N2SLS-r
0.021[0.356]1.000
AGLASSO -0.001[0.188]0.995

0.001[0.175]0.986
-0.011[0.359]0.978
0.001[0.175]0.986

0.015[0.296]0.975
0.084[0.611]0.987
0.015[0.296]0.975

0.005[0.377]0.986
0.000[0.000]—
0.005[0.377]0.986

-0.006[0.090]0.981
-1.000[0.000]—
-0.006[0.090]0.981

queen, R2 = 0.8, α0 = −0.2
N2SLS
0.001[0.273]0.978
N2SLS-r
0.003[0.232]0.981
AGLASSO
0.001[0.273]0.978

0.006[0.046]0.988
-0.000[0.091]0.977
0.006[0.046]0.988

0.043[0.360]0.959
0.028[0.273]0.970
0.043[0.360]0.959

0.010[0.310]0.974
0.000[0.000]—
0.010[0.310]0.974

-0.006[0.092]0.985
-1.000[0.000]—
-0.006[0.092]0.985

queen, R2 = 0.8, α0 = −1
N2SLS
-0.012[0.274]0.976
N2SLS-r
0.002[0.232]0.985
AGLASSO -0.012[0.274]0.977

0.006[0.045]0.985
0.002[0.092]0.969
0.006[0.045]0.985

0.034[0.433]0.958
0.034[0.280]0.974
0.034[0.433]0.958

-0.002[0.304]0.973
0.000[0.000]—
-0.002[0.304]0.972

-0.005[0.090]0.983
-1.000[0.000]—
-0.005[0.090]0.983

rook, R2 = 0.8, α0 = −0.2
N2SLS
0.001[0.188]0.977
N2SLS-r
0.010[0.162]0.983
AGLASSO
0.001[0.188]0.977

0.005[0.045]0.986
-0.001[0.090]0.977
0.005[0.045]0.986

0.017[0.206]0.969
0.023[0.195]0.979
0.017[0.206]0.969

0.000[0.204]0.973
0.000[0.000]—
0.000[0.204]0.973

-0.010[0.092]0.986
-1.000[0.000]—
-0.010[0.092]0.986

rook, R2 = 0.8, α0 = −1
N2SLS
-0.002[0.195]0.980
N2SLS-r
0.008[0.163]0.981
AGLASSO -0.002[0.195]0.980

0.005[0.046]0.986
0.002[0.090]0.976
0.005[0.046]0.986

0.017[0.225]0.972
0.019[0.193]0.979
0.017[0.225]0.972

-0.002[0.206]0.976
0.000[0.000]—
-0.002[0.206]0.976

-0.009[0.093]0.987
-1.000[0.000]—
-0.009[0.093]0.987

2

“N2SLS” denotes the unrestricted N2SLS estimator and “N2SLS-r” denotes the restricted N2SLS estimator with
the restriction ζ = 0 imposed. The three numbers in each cell are: bias[SE]CP. β10 = 1 and β20 = 1.
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Table 6: Size and power of the distance difference and gradient tests
distance difference test
size

gradient test

power

size

(1)

(2)

(3)

(4)

(5)

(6)

Wn , R , α0
n=144
queen, 0.2, −0.2 0.000
queen, 0.2, −1
0.000
rook, 0.2, −0.2
0.001
rook, 0.2, −1
0.000
queen, 0.8, −0.2 0.000
queen, 0.8, −1
0.000
rook, 0.8, −0.2
0.000
rook, 0.8, −1
0.000

0.225
0.205
0.276
0.259
0.211
0.226
0.313
0.330

0.640
0.653
0.663
0.677
0.643
0.642
0.703
0.705

0.796
0.781
0.792
0.802
0.773
0.798
0.822
0.834

0.844
0.839
0.840
0.848
0.849
0.843
0.868
0.867

0.861
0.869
0.860
0.869
0.861
0.864
0.873
0.863

0.875
0.860
0.868
0.869
0.877
0.863
0.879
0.891

n=400
0.001
0.004
0.001
0.001
0.001
0.001
0.000
0.001

0.991
0.990
0.996
0.993
0.988
0.992
0.996
0.997

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

power
(1)

(2)

(3)

(4)

(5)

(6)

0.001
0.001
0.000
0.000
0.000
0.001
0.000
0.000

0.521
0.494
0.408
0.410
0.302
0.303
0.044
0.052

0.929
0.936
0.897
0.900
0.754
0.760
0.362
0.359

0.974
0.976
0.969
0.978
0.919
0.909
0.684
0.690

0.992
0.992
0.986
0.989
0.968
0.972
0.867
0.864

0.993
0.994
0.989
0.991
0.984
0.982
0.941
0.933

0.993
0.994
0.995
0.991
0.987
0.991
0.964
0.963

0.001
0.002
0.002
0.002
0.003
0.001
0.000
0.003

0.997
0.997
0.983
0.986
0.951
0.932
0.427
0.412

1.000
1.000
1.000
1.000
0.999
0.999
0.950
0.948

1.000
1.000
1.000
1.000
1.000
1.000
0.998
0.997

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

1.000
0.999
1.000
1.000
1.000
1.000
1.000
1.000

0.999
1.000
1.000
1.000
1.000
1.000
1.000
1.000

2

queen, 0.2, −0.2
queen, 0.2, −1
rook, 0.2, −0.2
rook, 0.2, −1
queen, 0.8, −0.2
queen, 0.8, −1
rook, 0.8, −0.2
rook, 0.8, −1

For the power, (1), (2), (3), (4), (5) and (6) in the table mean that in the DGP ζ0 = (1, 0.5)0 , ζ0 = (1, 1)0 ,
ζ0 = (1, 1.5)0 , ζ0 = (1, 2)0 , ζ0 = (1, 2.5)0 and ζ0 = (1, 3)0 , respectively. β10 = 1 and β20 = 1.
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